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ADELIC CARTIER DIVISORS WITH BASE CONDITIONS AND
THE BONNESEN–DISKANT–TYPE INEQUALITIES
HIDEAKI IKOMA
Abstract. In this paper, we introduce positivity notions for pairs of adelic
R-Cartier divisors and R-base conditions, and study fundamental properties
of the arithmetic volumes defined for such pairs. We show that the Gâteaux
derivatives of the arithmetic volume function at big pairs along the directions of
adelic R-Cartier divisors are given by suitable arithmetic positive intersection
numbers. As a corollary, we obtain an Arakelov theoretic analogue of the
Bonnesen–Diskant inequality in convex geometry.
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1. Introduction
Let X be a normal projective variety that is geometrically irreducible over a
number field K, and let Rat(X) be the field of rational functions on X . We freely
use the definition and basic properties of the adelic R-Cartier divisors, and refer
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to [25] for details (see also Notation and terminology 4). To an adelic R-Cartier
divisor D on X , we assign a finite set of all the strictly small sections of D,
Γ̂ss(D) :=
{
φ ∈ Rat(X)× : D + (̂φ) > 0
}
∪ {0},
and define the arithmetic volume of D as
v̂ol(D) := lim sup
m∈N,
m→+∞
log ♯ Γ̂ss(mD)
mdimX+1/(dimX + 1)!
.
The arithmetic Siu inequality of Yuan [28] is essentially equivalent to the fact that
the Gâteaux derivatives of the arithmetic volume function at big adelic R-Cartier
divisors are given by the arithmetic positive intersection numbers (see [9, 18]). It
also implies the equidistribution theorem of algebraic points with small heights,
and has fruitful applications to arithmetic dynamical systems.
The purpose of this paper is to introduce the notion of pairs of adelic R-Cartier
divisors and R-base conditions, and to study their positivity properties. We show
that the above-mentioned result on the differentiability of the arithmetic volume
function can be naturally generalized to the arithmetic volume function defined for
such pairs.
Let V(Rat(X)) be the set of all the (nontrivial) normalized discrete valuations
of Rat(X). An R-base condition on X is defined as a finite formal sum
V =
∑
ν∈V(Rat(X))
ν(V)[ν]
with coefficients ν(V) in R. We denote by B̂DivR,R(X) the R-vector space of all the
pairs of adelic R-Cartier divisors and R-base conditions. As in the case of adelic
R-Cartier divisors, we can assign to such a pair (D;V) ∈ B̂DivR,R(X) a finite set of
all the strictly small sections of D vanishing along the positive part of V; namely
Γ̂ss(D;V) :=
{
φ ∈ Rat(X)× : D + (̂φ) > 0, νX(D + (φ)) > ν(V)
}
∪ {0}
(see sections 2.1 and 2.2 for detail). We then define the arithmetic volume of (D;V)
as
v̂ol(D;V) := lim sup
m∈N,
m→+∞
log ♯ Γ̂ss(mD;mV)
mdimX+1/(dimX + 1)!
.
We say that a pair (D;V) is big if there exists a weakly ample adelic R-Cartier divisor
A on X (see Notation and terminology 5) such that D −A is strictly effective and
νX(D − A) > ν(V) for every ν ∈ V(Rat(X)). Our main theorem is then stated as
follows.
Theorem A (Theorem 4.2). Let X be a normal projective variety over a number
field, let (D;V) ∈ B̂DivR,R(X), and let D
′
be an adelic R-Cartier divisor on X.
If (D;V) is big, then the Gâteaux derivative of the arithmetic volume function at
(D;V) along D
′
is given by the formula
lim
r→0
v̂ol(D + rD
′
;V)− v̂ol(D;V)
r
= (dimX + 1) · 〈(D;V)· dimX〉 ·D
′
.
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The right-hand side of the formula is the arithmetic positive intersection number
defined for pairs (see section 3.2 for detail). An approximation of a big pair (D;V)
is a couple (µ : X ′ → X,M) consisting of a modification µ : X ′ → X and a nef
and big adelic R-Cartier divisor M on X ′ such that (µ∗D − M ;Vµ) is pseudo-
effective (see (2.23) and Definition 2.8). We denote by Θ̂(D;V) the set of all the
approximations of (D;V). For a nef and big adelic R-Cartier divisor N , we define
〈(D;V)· dimX〉 ·N := sup
(µ,M)∈Θ̂(D;V)
d̂eg
(
M
· dimX
· µ∗N
)
,
which we can extend by linearity and continuity to
〈(D;V)· dimX〉· : D̂ivR(X)→ R
(see Definition 3.4).
It is known that, if X is a smooth curve and (D;V) is big, then the ordered set
Υ(D;V) :=
{
P : P is nef and (D − P ;V) > 0
}
admits a unique maximal element P (D;V) (see [25]). In this case, an arithmetic
positive intersection number is given by
〈(D;V)〉 ·D
′
= d̂eg
(
P (D;V) ·D
′
)
for every adelic R-Cartier divisor D
′
.
In the context of convex geometry, T. Bonnesen gave a systematic proof to the
classical isoperimetric inequality in dimension two by showing a stronger inequality
called Bonnesen’s inequality (see [2]). The method was generalized to the case of
arbitrary dimensions by V. I. Diskant (see [26, 11]). Analogous inequalities in the
context of algebraic geometry were established by Boucksom–Favre–Jonsson (see
[5, 10]), and those in the context of Arakelov geometry are in [18]. These inequalities
are important in studying the properties of the volume functions and the Zariski
decompositions of divisors. As a corollary of Theorem A, we can generalize the
Bonnesen–Diskant–type inequalities ([18, Theorem 7.1 and Corollary 7.3]) to the
case of pairs.
Theorem B (Theorem 4.9). Let X be a normal projective variety over a number
field, and let (D1;V1), (D2,V2) ∈ B̂DivR,R(X) be big pairs. We set
si := 〈(D1;V1)
·i · (D2;V2)
·(dimX+1−i)〉
for i = 0, . . . , dimX + 1,
r = r((D1;V1), (D;V2)) := inf
(µ,M)∈Θ̂(D2;V2)
sup
{
t ∈ R : (µ∗D1 − tM ;V
µ
1 )  0
}
,
and
R = R((D1;V1), (D2;V2)) :=
1
r((D2;V2), (D1;V1))
.
One then has
(1) (an arithmetic Diskant inequality)
0 6
(
s
1
dimX
dimX − rs
1
dimX
0
)dimX+1
6 s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0 ,
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s
1
dimX
dimX −
(
s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0
) 1
dimX+1
s
1
dimX
0
6 r
6
sdimX+1
sdimX
6 . . . 6
s1
s0
6 R 6
s
1
dimX
dimX+1
s
1
dimX
1 −
(
s
1+ 1dimX
1 − s0 · s
1
dimX
dimX+1
) 1
dimX+1
,
and
(3) (an arithmetic Bonnesen inequality)(s0
2
(R − r)
)2
6 s21 − s0s2
if X has dimension one.
In particular, if the big pairs (D1;V1), (D2,V2) ∈ B̂DivR,R(X) satisfy
v̂ol(D1 +D2;V1 + V2)
1
dimX+1 = v̂ol(D1;V1)
1
dimX+1 + v̂ol(D2;V2)
1
dimX+1 ,
then sdimX+1dimX = s
dimX
dimX+1 · s0, s
dimX+1
1 = s
dimX
0 · sdimX , and(
sdimX
s0
) 1
dimX
= r =
sdimX+1
sdimX
= · · · =
s1
s0
= R =
(
sdimX+1
s1
) 1
dimX
.
The structure of this paper is as follows. After defining of the notation and
terminology we use in this paper in section 1.1, we introduce, in section 2, the
notion of pairs of adelic R-Cartier divisors and R-base conditions and their posi-
tivity properties. Here we would like to treat the positivity and the ν-positivity,
simultaneously, because the arguments are almost parallel. The latter will be used
elsewhere. The main purpose of section 2 is Theorem 2.21 asserting the openness
of the big cone of pairs.
Sections 2.3 and 2.4 are devoted to studying fundamental properties of the arith-
metically ample adelic R-Cartier divisors. We give the definitions of arithmetic vol-
umes and arithmetic base loci associated to pairs in section 2.5 and in section 2.4,
respectively.
In section 3, we show several preliminary results that will be used to show the
main theorems. In particular, we introduce the arithmetic positive intersection
numbers for pairs in section 3.2. Finally, we give proofs of Theorems 4.2 and 4.9 in
section 4.
1.1. Notation and terminology.
1. Let R be a ring, let M be an R-module, and let Γ be a subset of M . We denote
by 〈Γ〉R the R-submodule of M spanned by Γ.
2. Let X be a projective variety over a field k of characteristic zero. We denote
the field of rational functions on X by Rat(X). Let K be either a blank, Q or R.
The K-module of all the K-Cartier divisors (respectively, K-Weil divisors) on X is
denoted by DivK(X) (respectively, by WDivK(X)).
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Let D be an R-Cartier divisor on X ; namely, D can be written as an R-linear
combination
D =
l∑
i=1
aiDi
with Di ∈ Div(X) and ai ∈ R. A local equation defining D around a point x ∈ X
is
(1.1) fx := f
⊗ai
1 ⊗ · · · ⊗ f
⊗al
l ∈ Rat(X)
× ⊗Z R,
where fi is a local equation defining Di around x for each i.
The (Cartier) support of D ∈ DivR(X) is defined as
(1.2) SuppC(D) :=
{
x ∈ X : fx /∈ O
∗
X,x ⊗Z R
}
,
which we know is a proper Zariski closed subset of X (see [25, Proposition 1.1.1]).
Let µ : Y → X be a morphism of k-varieties. If µ(Y ) is not contained in
SuppC(D), then we can define the pull-back µ
∗D ∈ DivR(Y ).
The (Weil) support of D ∈WDivR(X) is defined as
(1.3) SuppW(D) :=
⋃
Z: prime Weil divisor,
ordZ(D) 6=0
Z.
We know that, if X is regular, then
SuppC(D) = SuppW(D)
(see for example [25, Proposition 1.1.3]). Actually, this equation is valid as soon as
X is normal (see Lemma 2.3(2)), so that we can write
(1.4) Supp(D) := SuppC(D) = SuppW(D).
Suppose that X is normal. Let D ∈WDivR(X), and let K be either a blank, Q,
or R. We set
(1.5) H0K(D) := {φ ∈ Rat(X)⊗Z K : D + (φ) > 0} ∪ {0}.
3. Let µ : X ′ → X be a morphism of projective varieties over a field. The exceptional
locus of µ is defined as the minimal Zariski closed subset of X ′ such that the
restriction
µ : X ′ \ Ex(µ)→ X
is an immersion (see [19, (3.6)]). If X is normal, then, by Zariski’s main theorem
[14, Proposition (4.4.1)], one has
(1.6) Ex(µ) =
{
x′ ∈ X ′ : dimx′(µ
−1(µ(x′))) > 1
}
=
⋃
Z⊂X′,
dimµ(Z)<dimZ
Z.
4. Let K be a number field, and let OK be the ring of integers of K. The set of all
the finite places of K is denoted by MK . For each v ∈ MK , let Kv be the v-adic
completion of K, let OKv be the ring of integers of Kv, and let K˜v be the residue
field of Kv.
Let X be a projective K-variety. For each v ∈ MK , we denote by (Xanv , πv :
Xanv → XKv) the Berkovich analytic space associated to XKv := X ×Spec(K)
Spec(Kv) and, for v = ∞, denote by (Xan∞ , πv : X
an
∞ → XC) the complex ana-
lytic space associated to XC := X ×Spec(Q) Spec(C).
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Let D be an R-Cartier divisor on X , and let v ∈MK∪{∞}. A D-Green function
(of continuous type) on Xanv is a continuous map
gDv : (X \ SuppC(D))
an
v → R
such that, for each x ∈ Xanv , g
D
v +log |fx|
2 extends to a continuous function around
x, where fx is a local equation defining D around πv(x) (see Notation and termi-
nology 2).
Let U be a nonempty open subscheme of Spec(OK). A U -model of (X,D) is
a couple (XU ,DU ) such that XU is a reduced, irreducible, projective, and flat U -
scheme with a fixed K-isomorphism from X onto the generic fiber XU ×U Spec(K),
and such that DU is an R-Cartier divisor on XU satisfying DU |X = D.
Given a U -model (XU ,DU ) of (X,D) and a v ∈MK ∩U , we define the D-Green
function g
(XU ,DU )
v associated to (XU ,DU ) as
(1.7) g(XU ,DU )v (x) := − log |f
′
x|
2,
where f ′x is a local equation defining DU around r
XU
v (x) and r
XU
v : X
an
v → XU ×U
Spec(K˜v) denotes the reduction map over v (see [25, section 1.2]).
Let K be either a blank, Q, or R. An adelic K-Cartier divisor on X is a couple
D =
D, ∑
v∈MK∪{∞}
gDv [v]

having the following properties.
• D is a K-Cartier divisor on X ,
• For each v ∈MK , gDv is a D-Green function on X
an
v .
• For v = ∞, gD∞ is a D-Green function on X
an
∞ that is invariant under the
complex conjugation.
• There exists a nonempty open subset U of Spec(OK) and a U -model (XU ,DU )
of (X,D) such that gDv = g
(XU ,DU )
v for every v ∈MK ∩ U .
We call the U -model (XU ,DU ) appearing in the above definition a U -model of
definition for D. We denote by D̂ivK(X) the K-module of all the adelic K-Cartier
divisors on X .
For each v ∈ MK , C0v (X) denotes the R-vector space of all the R-valued con-
tinuous functions on Xanv , and, for v = ∞, C
0
∞(X) denotes the R-vector space of
all the R-valued continuous functions on Xan∞ that are invariant under the complex
conjugation.
(R-linear equivalence): For D1, D2 ∈ D̂ivR(X), we write D1 ∼R D2 if there
exists a φ ∈ Rat(X)× ⊗Z R such that D1 −D2 = (̂φ).
(effective): Note that, if D > 0, then ess.infx∈Xanv g
D
v (x) > −∞ for every v ∈
MK ∪ {∞} and ess.infx∈Xanv g
D
v (x) > 0 for all but finitely many v ∈ MK .
We say that D is effective if
D > 0 and gDv > 0 for every v ∈MK ∪ {∞}.
Moreover, we say that D is strictly effective if
D is effective and ess.inf
x∈Xan
∞
gD∞(x) > 0.
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We write
(1.8) D1 6 D2 (respectively, D1 < D2)
if D2 −D1 is effective (respectively, strictly effective).
Let K be either a blank, Q, or R. We set
Γ̂fK(D)(1.9)
:=
{
φ ∈ Rat(X)⊗Z K : D + (φ) > 0 and g
D+(̂φ)
v > 0, ∀v ∈MK
}
∪ {0},
Γ̂ssK (D) :=
{
φ ∈ Rat(X)⊗Z K : D + (̂φ) > 0
}
∪ {0},(1.10)
and
(1.11) Γ̂sK(D) :=
{
φ ∈ Rat(X)⊗Z K : D + (̂φ) > 0
}
∪ {0}.
We then define the arithmetic volume of D as
(1.12) v̂ol(D) := lim sup
m∈N,
m→+∞
log ♯ Γ̂ss(mD)
mdimX+1/(dimX + 1)!
.
5. Let A =
(
A,
∑
v∈MK∪{∞}
gAv [v]
)
be an adelic R-Cartier divisor on X .
(big): We say that A is big if v̂ol(A) > 0. The cone of all the big adelic R-Cartier
divisors on X is denoted by B̂igR(X).
(pseudo-effective): We say that A is pseudo-effective if v̂ol(A+B) > 0 for every
B ∈ B̂igR(X). We write D1  D2 if D2 −D1 is pseudo-effective.
(nef): We say that A is relatively nef if A is nef and gAv is semipositive for every
v ∈ MK ∪ {∞} (see [25, section 4.4] for the notion of semipositivity). We
say that A is nef if A is relatively nef and infx∈X(K) hA(x) > 0, where
hA(x) :=
1
[κ(x) : K]
d̂eg
(
A|x
)
is the height of x ∈ X(K) with respect to A, κ(x) is the residue field of the
image of x, and
d̂eg
(
A|x
)
:=
1
2
∑
v∈MK
∑
w∈Mκ(x),
w|v
[κ(x)w : Kv]g
A
v (x
w) +
1
2
∑
σ:κ(x)→C
gA∞(x
σ)
(see [25, sections 2.4 and 4.2] for detail). We denote by N̂efR(X) the cone
of all the nef adelic R-Cartier divisors on X . Note that a relatively nef
adelic R-Cartier divisor A is nef if and only if
d̂eg
(
(A|Y )
·(dimY+1)
)
> 0
for every closed subvariety Y of X .
(integrable): We say that A is integrable if A can be written as a difference of two
nef adelic R-Cartier divisors. We denote by ÎntR(X) the R-vector space of
all the integrable adelic R-Cartier divisors on X .
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(w-ample): We say that A is weakly ample or w-ample for short ifA is a positive R-
linear combination
∑l
i=1 aiAi of adelic Cartier divisors Ai such that each
Ai is ample and such that H
0(mAi) = 〈Γ̂ss(mAi)〉K for every m ≫ 1.
Note that this definition does not depend on the choice of K (see [19,
Theorem 4.3]).
(ample): A is said to be ample (in the sense of Zhang) if A is relatively nef and
d̂eg
(
(A|Y )
·(dimY+1)
)
> 0
for every closed subvariety Y of X .
Let X be a normal projective arithmetic variety over Spec(OK) such that XK
is K-isomorphic to X . To an arithmetic R-Cartier divisor D = (D , gD) on X (see
[24, section 5]), we can associate an adelic R-Cartier divisor
(1.13) D
ad
:=
(
DK ,
∑
v∈MK
g(X ,D)v [v] + g
D [∞]
)
on X . We say that D is w-ample (respectively, ample, etc.) if so is D
ad
.
6. By [25, section 4.5] and the same arguments as in [18, Lemma 2.5], we can
uniquely extend the arithmetic intersection numbers of C∞-Hermitian line bundles
to a multilinear map
d̂eg : ÎntR(X)
× dimX × D̂ivR(X)→ R,(1.14)
(D1, . . . , DdimX+1) 7→ d̂eg
(
D1 · · ·DdimX+1
)
,
in such a way that
(i) the restriction d̂eg : ÎntR(X)
×(dimX+1) → R is symmetric,
(ii) d̂eg
(
N
·(dimX+1)
)
= v̂ol
(
N
)
for every N ∈ N̂efR(X), and
(iii) d̂eg
(
D1 · · ·DdimX+1
)
> 0 for everyD1, . . . , DdimX ∈ N̂efR(X) andDdimX+1 
0.
2. Adelic Cartier divisors with base conditions
2.1. Preliminaries on the valuations. In this subsection, we recall several basic
facts on the valuations.
Definition 2.1. Let (Λ,6) be a totally ordered Z-module of rank r. By [6, Chap.
VI, §10, no. 2, Proposition 4], (Λ,6) is isomorphic to (Zr,6lex) if and only if the
height of Λ equals r, where 6lex denotes the lexicographical order.
Let F ⊃ k be a field extension and let
(2.1) ν : F× → Λ
be a valuation of F/k with values in Λ; namely, ν satisfies
(i) ν(a) = 0 for a ∈ k×,
(ii) ν(φψ) = ν(φ) + ν(ψ) for φ, ψ ∈ F×, and
(iii) ν(φ + ψ) > min{ν(φ), ν(ψ)} for φ, ψ ∈ F× with φ+ ψ 6= 0.
The valuation ring of ν is
(2.2) Oν := {φ ∈ F
× : ν(φ) > 0} ∪ {0}
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and the maximal ideal of ν is
(2.3) mν := {φ ∈ F
× : ν(φ) > 0} ∪ {0}.
We put O∗ν := Oν \ mν = {φ ∈ F
× : ν(φ) = 0}, and put kν := Oν/mν . The value
group of ν is defined as
(2.4) Λν := ν(F
×) = F×/O∗ν
endowed with the order 6, and the rational rank of ν is defined as rat.rk(ν) :=
rkQ Λν ⊗Z Q.
Two valuations ν1 : F
× → Λν1 and ν2 : F
× → Λν2 are said to be equivalent if
the following equivalent conditions are satisfied.
• There exists an order-preserving isomorphism ι : Λν1 → Λν2 such that
ν2 = ι ◦ ν1.
• Oν1 = Oν2 in F .
A non-trivial valuation ν : F× → Λν is said to be discrete if the value group
(Λν ,6) is isomorphic to (Z,6). We denote by V(F ) = V(F/k) the set of all the
equivalence classes of the discrete valuations of F/k. Given any ν ∈ V(F ), there
exists a unique valuation ν′ of F such that ν′ is equivalent to ν and such that ν′
has value group (Z,6). Hence, in the following, we always assume that the value
group of a ν ∈ V(F ) is normalized to (Z,6).
Definition 2.2. Let X be a projective variety over a field k, let Rat(X) be the field
of rational functions on X , and let ν : Rat(X)× → Λν be a valuation of Rat(X)/k.
The center of ν on X is a point cX(ν) ∈ X such that
OX,cX(ν) ⊂ Oν and mcX(ν) = mν ∩ OX,cX(ν).
By the valuative criterion of properness, there exists a unique center on X for each
ν ∈ V(Rat(X)).
Let D be an effective Cartier divisor on X . If f, g are two local equations defining
D around cX(ν), then f/g ∈ O∗X,cX(ν); thus ν(f) = ν(g). Therefore, we can define
(2.5) νX(D) := ν(f) ∈ Λν .
Note that νX(0) is defined as ν(1) = 0. Since
νX(D +D
′) = νX(D) + ν(D
′)
for two effective Cartier divisors D,D′ on X , we can uniquely extend the map
νX : D 7→ νX(D) to an R-linear map
(2.6) νX : DivR(X)→ Λν ⊗Z R
by linearity.
Remark 2.1. Let π : X ′ → X be a birational projective morphism. Then
νX′(π
∗D) = νX(D).
In fact, we have π(cX′(ν)) = cX(ν). So, if f is a local equation defining D around
cX(ν), then π
∗f is a local equation defining π∗D around cX′(ν). Hence νX′(π
∗D) =
ν(π∗f) = ν(f) = νX(D).
Lemma 2.2. Let X be a projective variety over a field and let D be an R-Cartier
divisor on X.
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(1) There exist Cartier divisors D1, . . . , Dl and a1, . . . , al ∈ R such that a1, . . . , al
are Q-linearly independent and D =
∑l
i=1 aiDi. Moreover, in this case, one
has
SuppC(D) =
l⋃
i=1
SuppC(Di) and SuppW(D) =
l⋃
i=1
SuppW(Di).
(2) Let φ ∈ Rat(X)× ⊗Z R. There exist φ1, . . . , φl ∈ Rat(X)× and a1, . . . , al ∈
R such that a1, . . . , al are Q-linearly independent and (φ) =
∑l
i=1 ai(φi).
Moreover, in this case, one has
SuppC((φ)) =
l⋃
i=1
SuppC((φ)) and SuppW((φ)) =
l⋃
i=1
SuppW((φi)).
Proof. (1): Choose an expression D =
∑l
i=1 aiDi such that ai ∈ R, Di ∈ DivQ(X),
and l is minimal among such expressions. If ai are Q-linearly dependent, one can
find, after renumbering a1, . . . , al, an expression
l∑
i=1
riai = 0
such that r1, . . . , rl ∈ Z and rl 6= 0. Then
D =
l−1∑
i=1
aiDi −
1
rl
(
l−1∑
i=1
riai
)
Dl =
l−1∑
i=1
ai
rl
(rlDi − riDl),
which contradicts the minimality of l.
For the first equality, the inclusion ⊂ is clear. Suppose that x /∈ SuppC(D);
hence f⊗a11 ⊗ · · · ⊗ f
⊗al
l ∈ O
∗
X,x ⊗Z R, where fi is a local equation defining Di
around x. By applying [25, Lemma 1.3.1], one has fi ∈ O∗X,x⊗ZQ for every i. Thus
x /∈ SuppC(Di) for every i.
For the second, the inclusion ⊂ is clear. Let V be the Q-subspace of WDivQ(X)
generated by the irreducible components of SuppW(D). Since a1D1 + · · ·+ alDl ∈
V ⊗Q R, one has Di ∈ V for every i by [25, Lemma 1.3.1]. Hence SuppW(Di) ⊂
SuppW(D) for every i.
The same arguments as above also show the assertion (2). 
Lemma 2.3. Let D ∈ DivR(X), and suppose that X is normal.
(1) For any ν ∈ V(Rat(X)), if D > 0, then νX(D) > 0.
(2) One has
SuppC(D) = SuppW(D) =
⋃
ν∈V(Rat(X)),
νX (D) 6=0
{cX(ν)}.
Proof. (1): Let π : X ′ → X be a resolution of singularities, and write
π∗D = a1D
′
1 + · · ·+ alD
′
l
with ai > 0 and prime divisors D
′
i on X
′. Let fi be a local equation defining D
′
i
around cX′(ν). Since fi ∈ OX′,cX′(ν) \ {0}, one has ν(fi) > 0 and
νX(D) = νX′(π
∗D) =
k∑
i=1
aiν(fi) > 0.
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(2): Let ν ∈ V(Rat(X)) such that νX(D) 6= 0. If cX(ν) /∈ SuppC(D), then there
is a local equation f ∈ O∗X,cX(ν)⊗ZR defining D around cX(ν). So νX(D) = ν(f) =
0, and it is a contradiction. Therefore, one obtains the inclusions
SuppC(D) ⊃
⋃
ν∈V(Rat(X)),
νX (D) 6=0
{cX(ν)} ⊃ SuppW(D).
We are going to show SuppC(D) = SuppW(D). Let D =
∑l
i=1 aiDi be an expres-
sion as in Lemma 2.2(1). Since
SuppC(D) =
l⋃
i=1
SuppC(Di) and SuppW(D) =
l⋃
i=1
SuppW(Di),
we can assume D ∈ Div(X). In this case, SuppC(D) is nothing but the usual
(Cartier) support
{
x ∈ X : f /∈ O∗X,cX(ν)
}
(see [25, Proposition 1.1.1]).
We endow SuppC(D) with the reduced induced scheme structure, and let x be a
maximal point of SuppC(D). By [15, Corollaire (21.1.9)], we have depth(OX,x) = 1;
hence dim(OX,x) = 1 since X is normal. Therefore, SuppC(D) is a Zariski closed
subset of pure codimension one in X .
Let π : X ′ → X be a resolution of singularities of X . There exists an open subset
U of X such that codim(X \ U,X) > 2 and π : π−1(U) → U is an isomorphism.
If x ∈ U is a maximal point of SuppC(D), then OX′,pi−1(x) = OX,x, and π
−1(x)
belongs to SuppC(π
∗D) = SuppW(π
∗D). Clearly, π(SuppW(π
∗D)) = SuppW(D);
hence x ∈ SuppW(D). 
Lemma 2.4. Let F ⊃ k be a field extension.
(1) Let Λ,Λ′ be totally ordered Z-modules. Let ℓ : Λ → Λ′ be an order-
preserving homomorphism; namely, ℓ is a homomorphism of Z-modules
such that λ > 0 implies ℓ(λ) > 0 for every λ ∈ Λ. If ν : F× → Λ is a
valuation of F , then so is ℓ ◦ ν : F× → Λ′.
(2) Suppose that F is finitely generated over k. Let X be a projective k-variety
with Rat(X) = F and let r := tr.degk F . For a ν ∈ V(F ), the following
are equivalent.
(a) tr.degk kν = r − 1.
(b) There exists a valuation ν : F× → Zr of F such that ν has value group
(Zr,6lex) and ν = pr1 ◦ ν.
(c) There exist a valuation ν : F× → Λν of F and an order-preserving
surjective linear form ℓ : Λν → Z such that rkQ Λν ⊗Z Q = r and
ν = ℓ ◦ ν.
(d) There exist a birational projective morphism X ′ → X and a prime
Weil divisor Y ′ of X ′ such that X ′ is normal and ν is equivalent to
ordY ′ .
Definition 2.3. We call a valuation ν : Rat(X)× → Λν divisorial if ν is discrete
and satisfies the equivalent conditions in Lemma 2.4(2).
Proof of Lemma 2.4. The assertion (1) is obvious.
(2): Since ν is a discrete valuation, mν is a principal ideal with a generator ̟.
The implication (b) ⇒ (c) is clear.
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(a) ⇒ (b): The valuation ν satisfies rat.rk(ν) = 1 and
rat.rk(ν) + tr.degk kν = tr.degk F.
Hence, by [6, Chap. VI, §10, no. 3, Corollaire 1], kν is a finitely generated field
extension of k with tr.degk kν = r − 1. There exists a valuation ν : k
×
ν → Z
r−1
having value group (Zr−1,6lex). We define ν : F× → Zr by
φ 7→ (ν(φ), ν(φ ·̟−ν(φ)modmν)).
One can verify that ν is a valuation of F . Given any (n1, . . . , nr) ∈ Z
r, there exists
a ψ ∈ O∗ν such that ν(ψmodmν) = (n2, . . . , nr). Hence, ν(ψ ·̟
n1) = (n1, . . . , nr)
and the value group of ν is (Zr,6lex).
(c) ⇒ (a): We know that mν is a prime ideal of Oν and V := Oν/mν is a
valuation ring for kν (see [6, Chap. VI, §4, no. 1, Propositions 1 et 2]). So we have
a homomorphism of semigroups
V \ {0} = Oν \mν
ν
−→ Ker(ℓ).
We can uniquely extend this to a homomorphism ν : k×ν → Ker(ℓ) of abelian
groups. We are going to show that ν is a valuation of kν with rat.rk(ν) = r − 1.
The conditions (i) and (ii) are obvious. For φ, ψ ∈ Oν \ mν with φ + ψ 6∈ mν , we
have
ν(φ+ ψmodmν) = ν(φ+ ψ)
> min{ν(φ),ν(ψ)} = min{ν(φmodmν), ν(ψmodmν)}.
So the condition (iii) holds in general. Take an e1 ∈ Λν with ℓ(e1) = 1. Then
ℓ : Λν → Z splits and Λν = Ze1 ⊗ Ker(ℓ) as ordered Z-modules, where the right-
hand side is endowed with the lexicographical order. Let λ ∈ Ker(ℓ). Either λ or
−λ is non-negative, so we can assume λ > 0. There exists a φ ∈ Oν such that
ν(φ) = λ > 0; thus ν is surjective. Since rat.rk(ν) 6 tr.degk kν 6 r − 1, we have
tr.degk kν = r − 1.
(a)⇒ (d): By [27, Proposition 2.3], there exist a birational projective morphism
X ′ → X and a point ξ′ ∈ X ′ of codimension one such that X ′ is normal and ν has
center ξ′ on X ′. Since OX′,ξ′ is a discrete valuation ring dominated by Oν , we have
OX′,ξ′ = Oν and ν is equivalent to ordξ′ .
(d) ⇒ (a): If ν is equivalent to ordY ′ , then kν = Rat(Y ′) has transcendence
degree r − 1 over k. 
2.2. Base conditions. A purpose of this subsection is to introduce the notion of
pairs of adelic R-Cartier divisors and R-base conditions (see Definition 2.5).
Definition 2.4. Let K be a number field, let X be a normal projective K-variety,
and let V(Rat(X)) be the set of all the (non-trivial) normalized discrete valuations
of Rat(X)/K. Let K be either R, Q, or Z. A K-base condition is defined as a finite
formal sum
(2.7) V :=
∑
ν∈V(Rat(X))
aν [ν],
where aν ∈ K and ν ∈ V(Rat(X)). We denote by BCK(X) the K-module of all the
K-base conditions on X . The order of an R-base condition V along ν is defined as
(2.8) ν(V) := aν .
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We say that V is effective if ν(V) > 0 for every ν ∈ V(Rat(X)) and denote it by
V > 0. Put
(2.9) V+ :=
∑
ν(V)>0
ν(V)[ν] and V− := V+ − V.
We say that V is divisorial if ν(V) 6= 0 implies that ν is divisorial (see Definition 2.3).
We define the support on X of an R-base condition V as
(2.10) SuppX(V) :=
⋃
ν(V) 6=0
{cX(ν)},
which is a Zariski closed subset of X .
We can naturally regard an R-Cartier divisor as an R-Weil divisor. To an R-Weil
divisor
Ξ =
∑
Z: prime Weil divisor
aZZ,
we can naturally associate an R-base condition
(2.11) [Ξ] :=
∑
Z: prime Weil divisor
aZ [ordZ ].
Remark 2.5. Let Z be a prime Weil divisor on X , and let D ∈ DivR(X). One then
has
ordZ([D]) = ordZ(D) = ordZ,X(D)
(see (2.6), (2.8), and (2.11)). In fact, it suffices to show the equality for D ∈
Div(X). Let f be a local equation defining D around the generic point of Z. Then
ordZ,X(D) = ordZ(f) = ordZ(D) = ordZ([D]).
Definition 2.5. Let K and K′ be either R, Q, or Z. We set
B̂DivK,K′(X) := D̂ivK(X)× BCK′(X),(2.12)
ŴDivK,K′(X) := D̂ivK(X)×WDivK′(X),(2.13)
D̂ivK,K′(X) := D̂ivK(X)×DivK′(X),(2.14)
and
(2.15) D̂DivK,K′(X) :=
{
(D;V) ∈ B̂DivK,K′(X) : V is divisorial
}
(see Notation and terminology 2 and Definitions 2.3 and 2.4). We always identify a
pair (D; 0) with the adelic R-Cartier divisor D. In particular, we have the natural
inclusions of the five types of base conditions;
D̂ivK(X) ⊂ D̂ivK,K′(X) ⊂ ŴDivK,K′(X) ⊂ D̂DivK,K′(X) ⊂ B̂DivK,K′(X).
Let (D;V) ∈ B̂DivR,R(X).
(effective): We say that (D;V) is effective (respectively, strictly effective) if D > 0
(respectively, D > 0; see Notation and terminology 4 for definition of the
inequality signs) and νX(D) > ν(V) for every ν ∈ V(Rat(X)). For two
pairs (D1;V1), (D2;V2) on X , we write
(2.16) (D1;V1) 6 (D2;V2) (respectively, (D1;V1) < (D2;V2))
if (D2 −D1;V2 − V1) is effective (respectively, strictly effective).
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(ν0-effective): Let ν0 ∈ V(Rat(X)). We say that (D;V) is ν0-effective (respec-
tively, strictly ν0-effective) if (D;V) > 0 (respectively, (D;V) > 0) and
ν0,X(D) = ν0(V). We write
(2.17) (D1;V1) 6ν0 (D2;V2) (respectively, (D1;V1) <ν0 (D2;V2))
if (D2−D1;V2−V1) is ν0-effective (respectively, strictly ν0-effective). Ob-
viously, if (D;V) >ν0 0, then ν0(V) = ν0,X(D) > 0.
Let K be either a blank, Q, or R. Given a pair (D;V) ∈ B̂DivR,R(X), we set
(2.18) Γ̂ssK (D;V) :=
{
φ ∈ Rat(X)× ⊗Z K : (D + (̂φ);V) > 0
}
∪ {0}
and
(2.19) Γ̂sK(D;V) :=
{
φ ∈ Rat(X)× ⊗Z K : (D + (̂φ);V) > 0
}
∪ {0}
(see Definition 2.5). If Ξ is an effective R-Weil divisor on X , then
Γ̂?K(D; [Ξ]) = Γ̂
?
K(D) ∩H
0
K(D − Ξ)
for ? = s or ss and K = a blank, Q, or R.
It follows from definition that
(2.20) (E; [E]) >ν 0
for every effective E ∈ D̂ivR(X) and ν ∈ V(Rat(X)). Moreover,
(2.21) (0;−V) > 0 (respectively, (0;−V) >ν 0)
for every effective V ∈ BCR(X) (respectively, effective V ∈ BCR(X) with ν(V) = 0).
Remark 2.6. (1) By Lemma 2.3(1), it follows that Γ̂?K(D;V) = Γ̂
?
K(D;V+) for
? = s or ss and K = a blank, Q, or R.
(2) Let K be either a blank, Q, or R. Let (D;V), (D
′
;V′) ∈ B̂DivR,R(X). If
φ ∈ Γ̂ssK (D;V) and φ
′ ∈ Γ̂sK(D
′
;V′), then φ · φ′ ∈ Γ̂ssK (D+D
′
;V+V′), where
V and V′ may not be effective.
Lemma 2.7. Let S be a projective scheme over a Noetherian ring and let A be an
ample invertible sheaf on S. Let T be a closed subscheme of S and let x ∈ S be a
point not contained in T . There exist an m > 1 and an s ∈ H0(A⊗m) such that s
vanishes along T and s(x) 6= 0.
Proof. Let I be the ideal sheaf defining T . For an m > 1, I⊗OS A
⊗m is generated
by its global sections. Since x /∈ T , (I ⊗OS A
⊗m)x is isomorphic to OS,x as OS,x-
modules. Thus, one finds an s′ ∈ H0(I⊗OS A
⊗m) such that s′(x) 6= 0. The image
of s′ via H0(I⊗OS A
⊗m)→ H0(A⊗m) has the required properties. 
The following lemma, which we will use in the proof of Theorem 2.21, gives a
sufficient condition to generalize the relation (2.20).
Lemma 2.8. Let V ∈ BCR(X) and let ν0 ∈ V(Rat(X)).
(1) There exists an adelic Cartier divisor A such that (A;V) > 0.
(2) For ν ∈ V(Rat(X)), the following are equivalent.
(a) There exists an adelic Q-Cartier divisor A such that (A; [ν]) >ν0 0.
(b) Either ν = ν0 or cX(ν0) /∈ {cX(ν)}.
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(3) If
ν0(V) > 0 and cX(ν0) /∈ SuppX(V+ − ν0(V)[ν0]),
then there exists an adelic R-Cartier divisor A such that (A;V) >ν0 0.
Proof. We omit the proof of the assertion (1).
(2)(a) ⇒ (b): Assume ν 6= ν0 in V(Rat(X)). Since (A; [ν]) >ν0 0, A > 0 and
ν0,X(A) = 0; thus cX(ν0) /∈ Supp(A). On the other hand, since νX(A) = 1, one
has cX(ν) ∈ Supp(A). Hence, cX(ν0) /∈ {cX(ν)}.
(b) ⇒ (a): Choose a strictly effective adelic Cartier divisor A
′
ν0 such that A
′
ν0
passes through cX(ν0), and set Aν0 := (1/ν0,X(A
′
ν0 ))A
′
ν0 . Then
(Aν0 ; [ν0]) >ν0 0.
Let ν ∈ V(Rat(X)) such that cX(ν0) /∈ {cX(ν)}. By Lemma 2.7, there exists an
effective Cartier divisor A′ν on X such that
cX(ν) ∈ Supp(A
′
ν) and cX(ν0) /∈ Supp(A
′
ν).
We endow Aν := (1/νX(A
′
ν))A
′
ν with Aν -Green functions such that Aν > 0. We
then have
(Aν ; [ν]) >ν0 0.
(3): Since ν0(V−) = 0, we have
(D;V) >ν0 (D;V+)
for every adelic R-Cartier divisor D (see (2.21)), so that we can assume V > 0. We
fix Aν0 and Aν as above for ν ∈ V(Rat(X)) with cX(ν0) /∈ {cX(ν)}, and set
A := ν0(V)Aν0 +
∑
cX(ν0)/∈{cX(ν)}
ν(V)Aν .
Then (A;V) >ν0 0. 
Definition 2.6. Let X be a normal projective K-variety and let
D =
D, ∑
v∈MK∪{∞}
gDv

be an adelic R-Cartier divisor on X . By Lemma 2.2(1), one can write
D =
l∑
i=1
aiDi
with Cartier divisors D1, . . . , Dl and ai ∈ R such that Supp(D) =
⋃l
i=1 Supp(Di).
Let ι : Y → X be a K-morphism of normal projective K-varieties. If ι(Y ) is not
contained in Supp(D), then ι(Y ) is not contained in Supp(Di) for every i. One can
define the pull-back of D via ι by
ι∗D :=
 l∑
i=1
aiι
∗Di,
∑
v∈MK∪{∞}
gDv ◦ ι
an
v [v]
 ,
which one can see is an adelic R-Cartier divisor on Y (see [25, Proposition 2.1.4]).
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Let D
′
be another adelic R-Cartier divisor on X such that D
′
∼R D and ι(Y )
is not contained in Supp(D′). By using Lemma 2.2(1), one can find φ1, . . . , φk ∈
Rat(X)× and r1, . . . , rk ∈ R such that
D
′
= D + r1 (̂φ1) + · · ·+ rk (̂φk)
and ι(Y ) is not contained in Supp((φi)) for every i. So ι
∗D
′
∼R ι
∗D.
The functoriality of the pairs can now be described as follows. Let µ : X ′ → X
be a birational morphism of normal projective varieties. We can consider a pull-back
of (D;V) ∈ B̂DivR,R(X) defined by
(2.22) µ−1∗ : B̂DivR,R(X)→ B̂DivR,R(X
′), (D;V) 7→ (µ∗D;Vµ),
where we set
(2.23) Vµ :=
∑
ν∈V(Rat(X))
ν(V)[ν ◦ µ∗−1 : Rat(X ′)× → Z].
Note that µ is isomorphic over an open subscheme U ofX with codim(X\U,X) > 2.
If Z is a prime Weil divisor on X , then
(2.24) ordZ = ordZ′ : Rat(X)
× → Z
holds for the strict transform Z ′ of Z via µ.
Let ν1, . . . , νl be divisorial valuations of Rat(X) and let a, . . . , al be real numbers.
By applying Lemma 2.4(2) to ν1, . . . , νl successively, one can find a birational pro-
jective morphism µ : X ′ → X such that X ′ is smooth and prime divisors Y1, . . . , Yl
on X ′ such that νi is equivalent to ordYi for each i. One then has
(2.25) µ−1∗
(
D;
l∑
i=1
ai[νi]
)
=
(
µ∗D;
l∑
i=1
ai[Yi]
)
∈ D̂ivR,R(X
′).
If (D; [E]) ∈ D̂ivR,R(X), one can consider another pull-back of (D; [E]) defined
as
(2.26) µ∗ : D̂ivR,R(X)→ D̂ivR,R(X
′), (D; [E]) 7→ (µ∗D; [µ∗E]).
Lemma 2.9. Let µ : X ′ → X be a birational morphism of normal projective
varieties and let ν ∈ V(Rat(X)).
(1) Let (D;V) ∈ B̂DivR,R(X). For K = R, Q, and a blank and ? = ss and s,
one has
Γ̂?K(D;V)
µ∗
= Γ̂?K(µ
∗D;Vµ).
In particular, (D;V) ∈ B̂DivR,R(X) is effective (respectively, strictly effec-
tive, ν-effective, strictly ν-effective) if and only if so is µ−1∗ (D;V).
(2) Let (D; [E]) ∈ D̂ivR,R(X). For K = R, Q, and a blank and ? = ss and s,
one has
Γ̂?K(D; [E])
µ∗
= Γ̂?K(µ
∗D; [µ∗E]).
In particular, (D; [E]) ∈ D̂ivR,R(X) is effective (respectively, strictly effec-
tive, ν-effective, strictly ν-effective) if and only if so is µ∗(D; [E]).
ADELIC CARTIER DIVISORS WITH BASE CONDITIONS 17
Proof. If φ ∈ Γ̂?K(D;V), then obviously µ
∗φ ∈ Γ̂?K(µ
∗D;Vµ). Suppose that φ′ ∈
Γ̂?K(µ
∗D;Vµ)\{0} and set φ := µ∗−1(φ′). Since X is normal, one has φ ∈ Γ̂?K(D;V).
Note that a φ ∈ Γ̂?K(D;V) \ {0} satisfies νX(D + (φ)) = ν(V) if and only if
νX′(µ
∗D + (µ∗φ)) = ν(Vµ) (see Remark 2.1).
Similar arguments also imply the assertion (2). 
2.3. Arithmetic ampleness. This subsection and the next are devoted to showing
several fundamental properties of “arithmetically ample” adelic R-Cartier divisors.
As in Notation and terminology 5, we consider two notions of “arithmetic ample-
ness”, which we call the “weak ampleness” (see Lemma 2.10) and the “ampleness (in
the sense of Zhang)” (see Theorem 2.11).
Lemma 2.10. Let X be a normal projective K-variety and let A ∈ D̂ivR(X).
(1) If A ∈ D̂ivR(X) is w-ample, then so is A+(̂φ) for every φ ∈ Rat(X)×⊗ZR.
(2) Let Y be a closed subvariety of X. If A is a w-ample adelic R-Cartier
divisor on X such that Y 6⊂ Supp(A), then the restriction A|Y is again
w-ample.
(3) Let ν ∈ V(Rat(X)). If A ∈ D̂ivR(X) is w-ample, then there exists a φ ∈
Γ̂ssR (A) such that A+ (̂φ) >ν 0.
(4) Let D1, . . . , Dm ∈ D̂ivR(X), v1, . . . , vl ∈MK∪{∞}, and ϕ1 ∈ C0v1 (X), . . . , ϕl ∈
C0vl(X). If A ∈ D̂ivR(X) is w-ample, then there exists an ε > 0 such that
A+
m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk])
is also w-ample for every εi, ϕk with |εi| 6 ε and ‖ϕk‖sup 6 ε.
(5) For any w-ample adelic R-Cartier divisor A on X, there exists a w-ample
adelic Q-Cartier divisor A
′
such that A > A
′
.
Proof. (1): By definition (see Notation and terminology 5), we can write
A =
l∑
k=1
akAk
with l > 1, ak > 0, and adelic Cartier divisors Ak on X such that, for each k,
Ak is ample and H
0(mAk) = 〈Γ̂ss(mAk)〉K for every m ≫ 1. We write φ =
φ⊗e11 ⊗ · · · ⊗ φ
⊗er
r with φ1, . . . , φr ∈ Rat(X) and positive numbers e1, . . . , er. Then
A+ (̂φ) =
l∑
k=1
akAk +
r∑
j=1
ej (̂φj)
=
r∑
j=1
ej
(
bjA1 + (̂φj)
)
+
a1 − r∑
j=1
ejbj
A1 + l∑
k=2
akAk
is w-ample for every positive rational numbers b1, . . . , br with
∑r
j=1 ejbj 6 a1.
(2): Assume that A is an adelic Cartier divisor on X such that A is ample, such
that H0(mA) = 〈Γ̂ss(mA)〉K for every m ≫ 1, and such that Y 6⊂ Supp(A). For
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each m > 1, we have a diagram
〈Γ̂ss(mA|Y )〉K // H0(mA|Y )
〈Γ̂ss(mA)〉K //
OO
H0(mA).
OO
For everym≫ 1, 〈Γ̂ss(mA)〉K = H0(mA) and H0(mA)→ H0(mA|Y ) is surjective,
so that we can obtain 〈Γ̂ss(mA|Y )〉K = H0(mA|Y ) for every m≫ 1.
In general, a w-ample adelic R-Cartier divisor A is a positive R-linear combi-
nation
∑l
k=1 akAk such that Ak is an ample Cartier divisor on X and such that
H0(mAk) = 〈Γ̂ss(mAk)〉K for every m ≫ 1. For each k, we take a φk ∈ Rat(X)×
such that Y 6⊂ Supp(Ak + (φk)), and set A
′
:= A +
∑l
k=1 ak (̂φk). By the above
arguments,
A
′
|Y =
l∑
k=1
ak(Ak + (̂φk))|Y
is a w-ample adelic R-Cartier divisor on Y . By Lemma 2.2(2), there exist ψ1, . . . ψr ∈
Rat(X)× and b1, . . . , br ∈ R such that A − A
′
=
∑r
i=1 bi(̂ψi), and such that
Y 6⊂ Supp((ψi)) for every i. Hence
A|Y = A
′
|Y +
r∑
i=1
bi(̂ψi|Y )
is w-ample by the assertion (1).
(3): There exists a φ ∈ Γ̂ssR (A) such that cX(ν) /∈ Supp(A + (φ)); thus νX(A +
(φ)) = 0.
(4): Write A =
∑l
k=1 akAk as above. Without loss of generality, one can assume
that Di ∈ D̂iv(X) for every i and that l = 0. By [19, Proposition 5.3(5)], one finds
a positive rational number ε′ > 0 such that, for every i, A1 ± ε′Di is ample and
H0(m(A1± ε′Di)) = 〈Γ̂ss(m(A1± ε′Di))〉K for every sufficiently divisible m. Then
A+
m∑
i=1
εiDi =
m∑
i=1
|εi|
ε′
(
A1 + sgn(εi)ε
′Di
)
+
(
a1 −
m∑
i=1
|εi|
ε′
)
A1 +
l∑
k=2
akAk
is w-ample for every real numbers εi with
∑m
i=1 |εi| 6 ε
′a1.
The assertion (5) results from definition and the assertion (4) above. 
Theorem 2.11. Let π : X → Spec(K) be a normal projective K-variety.
(1) If A ∈ D̂ivR(X) is relatively nef and w-ample, then A is ample.
(2) If A ∈ D̂ivR(X) is ample and N ∈ D̂ivR(X) is nef, then A + N is also
ample.
(3) For an A ∈ D̂ivR(X), the following are equivalent.
(a) A is ample.
(b) A is ample, A is relatively nef, and infx∈X(K) hA(x) > 0.
(c) A is ample and there exists an ε > 0 such that A − π∗N is nef for
every N ∈ D̂ivR(Spec(K)) with 0 < d̂eg
(
N
)
6 ε.
(d) A is ample and A−π∗N is nef for an N ∈ D̂ivR(Spec(K)) with N > 0.
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(4) Let A be a relatively nef adelic Q-Cartier divisor on X. Then A is ample
if and only if A is w-ample.
(5) Let A1, . . . , Al be relatively nef and w-ample adelic Q-Cartier divisors on
X. Then N +α1A1+ · · ·+αlAl is w-ample for every positive real numbers
α1, . . . , αl and for every nef adelic R-Cartier divisor N such that N is
contained in the rational R-subspace spanned by A1, . . . , Al.
Proof. (1): Let x ∈ X(K). There is a φ ∈ Rat(X)× ⊗Z R such that A + (̂φ) can
be written as
∑l
k=1 akAk with positive real numbers a1, . . . , al and adelic Cartier
divisors A1, . . . , Al such that Ak are ample, such that, for each k, H
0(mAk) =
〈Γ̂ss(mAk)〉K for every m≫ 1, and such that x /∈
⋃
k Supp(Ak). Thus
hA(x) = hA+(̂φ)(x) =
l∑
k=1
akhAk(x) > 0,
and A is nef.
By Lemma 2.10(2), given any closed subvariety Y of X , A|Y is nef and w-ample.
Hence d̂eg
(
(A|Y )·(dimY+1)
)
= v̂ol(A|Y ) > 0.
(2): For every closed subvariety Y of X , we have
d̂eg
(
(A|Y +N |Y )
·(dimY+1)
)
=
dimY+1∑
i=0
(
dimY + 1
i
)
d̂eg
(
(A|Y )
·(dimY+1−i) · (N |Y )
·i
)
.
Since d̂eg
(
(A|Y )·(dimY+1−i) · (N |Y )·i
)
> 0 for every i and d̂eg
(
(A)·(dimY+1)
)
> 0,
we conclude that d̂eg
(
(A|Y +N |Y )·(dimY+1)
)
> 0.
(3): The implication (c) ⇒ (d) are obvious.
(a) ⇒ (b): Obviously, A is nef. So, for every closed subvariety Y of X , we have
v̂ol(A|Y ) = d̂eg
(
(A|Y )·(dimY+1)
)
> 0. This implies that A|Y is big for every closed
variety Y of X . Hence, by the Nakai–Moishezon criterion, A is ample.
We are going to show infx∈X(K) hA(x) > 0 by induction on dimension (see [29,
Proof of Lemma 1.3]). We can assume that dimX is positive. Since v̂ol(A) =
d̂eg
(
A
·(dimX+1)
)
> 0, A is big. Thus there is a φ ∈ Rat(X)× ⊗Z R such that
A+ (̂φ) > 0.
For every x ∈ X(K) with x /∈ Supp(A+ (φ)),
d̂eg
(
A|x
)
= d̂eg
(
(A+ (̂φ))|x
)
>
[κ(x) : Q]
2
ess.inf
p∈Xan
∞
gA+(̂φ)∞ (p) > 0,
where κ(x) denotes the residue field of the image of x. Set Z := Supp(A + (φ))
endowed with the reduced induced scheme structure. By the induction hypothesis,
inf
x∈X(K)
hA(x) > min
{
[K : Q]
2
ess.inf
p∈Xan
∞
gA+(̂φ)∞ (p), inf
x∈Z(K)
hA(x)
}
> 0.
(b) ⇒ (c): Set ε := infx∈X(K) hA(x) > 0, and let N ∈ D̂ivR(Spec(K)) such that
d̂eg
(
N
)
6 ε. For every x ∈ X(K), we have
hA−pi∗N (x) > hA(x)− ε > 0.
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So A− π∗N is nef.
(d) ⇒ (a): Both π∗N and A are nef. For every closed subvariety Y , we have
d̂eg
(
(A|Y )
·(dimY+1)
)
=
dimY+1∑
i=0
(
dim Y + 1
i
)
d̂eg
(
(A|Y − π
∗N |Y )
·(dimY+1−i) · (π∗N |Y )
·i
)
> (dimY + 1) d̂eg
(
(A|Y − π
∗N |Y )
· dimY · (π∗N |Y )
)
= (dimY + 1) deg
(
(A|Y )
· dimY
)
· d̂eg
(
N
)
> 0.
(4): The “if” part is nothing but the assertion (1), so we are going to show
the “only if” part. Let U be an open subset of Spec(OK) over which a model of
definition for A exists. By the assertion (3) above, one can find an ε > 0 such that
A− π∗
(
0,
∑
v/∈U
ε[v]
)
is ample. By definition, there exists an OK-model (Xε,Aε) of (X,A) such that
(Xε,Aε)|U is a model of definition for A, Aε is a relatively nef Q-Cartier divisor
on Xε, and
(2.27) A >
(
Aε, g
A
∞
)
> A− π∗
(
0,
∑
v/∈U
ε[v]
)
.
Therefore,
(
Aε, g
A
∞
)
is also ample. By the arithmetic Nakai–Moishezon criterion
[31, Theorems (3.5) and (4.2)],
(
Aε, g
A
∞
)
is w-ample, and so is A.
(5): There exist β1, . . . , βl such that 0 < βi < αi for every i and N+β1A1+ · · ·+
βlAl is rational. By the assertions (1), (2), and (4) above, N + β1A1 + · · · + βlAl
is w-ample, and so is
N +
l∑
i=1
αiAi =
N + l∑
j=1
βjAj
+ l∑
k=1
(αk − βk)Ak.

Remark 2.12. In [7, Remark 3.20], Burgos Gil, Moriwaki, Philippon, and Sombra
proposed a question whether an ample adelic R-Cartier divisor D on X is w-ample
or not. This question is known to have positive answer in the following cases.
(1) D is an ample adelic Q-Cartier divisor (see Theorem 2.11(4)).
(2) X has dimension one (see Corollary A.4 below).
(3) D is a toric metrized R-Cartier divisor on a projective toric variety X (see
[7, Corollary 6.3(2)]).
2.4. Arithmetic base loci.
Definition 2.7. Let X be a normal projective variety over a field. Recall that the
augmented stable base locus of an R-Weil divisor D is defined as
(2.28) B+(D) :=
⋂
A: ample
B(D −A),
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where B(D − A) denotes the real stable base locus of D − A and the intersection
is taken over all the ample R-Cartier divisors A on X . (see [1, section 3.5] and [13,
section 1] for detail).
Suppose that X is defined over K, and let V ∈ BCR(X). The R-linear map [·] :
WDivR(X) → BCR(X) admits a natural retraction WX : BCR(X) → WDivR(X)
defined by
(2.29) V 7→
∑
dim(OX,cX (ν))=1
ν(V){cX(ν)}.
Let ? = ss or s. In view of Lemma 2.3(2), we define the real stable base locus of
a pair (D;V) ∈ B̂DivR,R(X) as
(2.30) B̂?(D;V) :=
⋂
φ∈Γ̂?
R
(D;V)
Supp (D + (φ) −WX(V+)) ,
and the augmented stable base locus of (D; [Ξ]) as
(2.31) B̂+(D;V) :=
⋂
A: w-ample
B̂
ss(D −A;V),
where the intersection is taken over all the w-ample adelic R-Cartier divisors A on
X (see Notation and terminology 5).
It follows from definition that all of these are Zariski closed subsets of X , that
(2.32) B̂?(D;V) = B̂?(D;WX(V+)) and B̂+(D;V) = B̂+(D;WX(V+)),
and that
(2.33) B̂ss(D1 +D2;V1 + V2) ⊂ B̂
ss(D1;V1) ∪ B̂
s(D2;V2)
holds for every (D1;V1), (D2;V2) ∈ B̂DivR,R(X) with V1 > 0 and V2 > 0.
If A ∈ D̂ivR(X) is w-ample, then B̂+(A) = ∅ (see also Proposition 2.16(1)) and,
if E ∈ D̂ivR(X) is effective, then B̂
s(E; [E]) = ∅.
Proposition 2.13. If (D; [Ξ]) ∈ ŴDivQ,Q(X), then
B̂
ss(D; [Ξ]) =
⋂
φ∈Γ̂?
Q
(D;[Ξ])
Supp(D + (φ)− Ξ+).
Proof. The inclusion ⊂ is clear. We can assume (D; [Ξ]) ∈ ŴDiv(X) and Ξ >
0. Suppose that x /∈ B̂ss(D; [Ξ]), so that there are φ1, . . . , φr ∈ Rat(X)× and
e1, . . . , er ∈ R such that
D +
r∑
i=1
ei(̂φi) > 0, D +
r∑
i=1
ei(φi) > Ξ, and x /∈ Supp
(
D +
r∑
i=1
ei(φi)− Ξ
)
.
If (e1, . . . , er) ∈ Qr, then we have nothing to show, so, by the same arguments as
in Lemma 2.2(2), we may assume that e1, . . . , er are Q-linearly independent.
We denote byDa the adelic R-Cartier divisorD+
∑r
i=1 ai(̂φi) for a = (a1, . . . , ar) ∈
Rr. Let V be the rational R-subspace of WDivR(X) generated by the components
of D, Ξ, and (φi)’s. Let W be the rational R-subspace of V generated by (φi)’s.
Then
(2.34) P := {D′ ∈ V : D′ −D ∈W , D′ > Ξ, and x /∈ Supp (D′ − Ξ)}
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is a convex rational polytope containing De for e := (e1, . . . , er) in its relative
interior. By the following claim and ess.infx∈Xan
∞
gDe∞ (x) > 0, one finds a rational
point f = (f1, . . . , fr) such that Df ∈ P and ess.infx∈Xan
∞
g
Df
∞ (x) > 0.
Claim 2.14. The function
P → R, D′ 7→ ess.inf
x∈Xan
∞
gD
′
∞ (x),
is continuous over the relative interior of P .
Proof. For D′, D′′ ∈ P and 0 6 λ 6 1, we have
ess.inf
x∈Xan
∞
g(1−λ)D
′
+λD
′′
∞ (x) 6 (1− λ) · ess.inf
x∈Xan
∞
gD
′
∞ (x) + λ · ess.inf
x∈Xan
∞
gD
′′
∞ (x).
So, by [12, Theorem 6.3.4], the function is continuous over the relative interior of
P . 
Let m > 1 be an integer such that mDf ∈ Div(X). Since Γ̂f(mDf ) is a full-rank
lattice in H0(mDf ) (see Notation and terminology 4), there exists an integer p > 1
such that p · 1 ∈ Γ̂f(mDf ). So,
mDf + (̂p) > 0, mDf + (p) > mΞ, and x /∈ Supp (mDf + (p)−mΞ) .

Lemma 2.15. Let (D; [Ξ]) ∈ ŴDivR,R(X). For any w-ample adelic R-Cartier
divisors A1, . . . Al, there exists an α > 0 such that
B̂+(D; [Ξ]) = B̂
ss
(
D −
l∑
k=1
αkAk; [Ξ]
)
for every αk with 0 < αk 6 α.
Proof. Since X is a Noetherian topological space, one finds w-ample adelic R-
Cartier divisors B1, . . . , Bm such that
(2.35) B̂+(D; [Ξ]) =
m⋂
j=1
B̂
ss(D −Bj ; [Ξ]).
By Lemma 2.10(4), there exists an α > 0 such that
Bj −
l∑
k=1
αkAk
are w-ample for all j and all αk with 0 < αk 6 α. So, by (2.33) and (2.35),
B̂+(D; [Ξ]) =
m⋂
j=1
B̂
ss
(
D −
l∑
k=1
αkAk −
(
Bj −
l∑
k=1
αkAk
)
; [Ξ]
)
⊃ B̂ss
(
D −
l∑
k=1
αkAk; [Ξ]
)
⊃ B̂+(D; [Ξ])
for every αk with 0 < αk 6 α. This completes the proof. 
The following is the main purpose of this subsection.
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Proposition 2.16. Let A ∈ D̂ivR(X).
(1) A is w-ample if and only if B̂+(A) = ∅.
(2) If A ∈ D̂iv(X), then A is w-ample if and only if A is ample and H0(mA) =
〈Γ̂ss(mA)〉K for every m≫ 1.
(3) Let D1, . . . , Dm ∈ D̂ivR(X), v1, . . . , vl ∈MK∪{∞}, and ϕ1 ∈ C0v1 (X), . . . , ϕl ∈
C0vl(X). Let E1, . . . , En ∈ DivR(X) be effective R-Cartier divisors on X.
If A is w-ample, then there exists an ε > 0 such that
B̂+
A+ m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);
n∑
j=1
δj[Ej ]
 = ∅
for every εi, δj, and ϕk with |εi| 6 ε, 0 6 δj 6 ε, and ‖ϕk‖sup 6 ε,
respectively.
Proof. (1): If A is w-ample, then B̂+(A) = B̂
ss(A − A) = ∅. So we show the
converse. By [19, Lemma 5.2(1)], A is an R-linear combination of adelic Cartier
divisors B onX such that B is ample andH0(mB) = 〈Γ̂ss(mB)〉K for everym≫ 1.
By Lemma 2.15, one finds a w-ample adelic R-Cartier divisor A
′
such that A−A
′
is rational and such that B̂ss
(
A− A
′
)
= ∅.
Write A
′
=
∑l
k=1 akA
′
k with positive real numbers a1, . . . , al and adelic Cartier
divisors A
′
1, . . . , A
′
l such that, for each k, A
′
k is ample andH
0(mA′k) = 〈Γ̂
ss(mA
′
k)〉K
for every m≫ 1. By Proposition 2.13 and [19, Lemma 5.2(2)],
A = (A−A
′
) +
l∑
k=1
akA
′
k =
(
b1A
′
1 + (A−A
′
)
)
+ (a1 − b1)A
′
1 +
l∑
k=2
akA
′
k
is w-ample, where b1 is a rational number with 0 < b1 < a1.
(2): The “if” part is clear by definition. Assume that A ∈ D̂iv(X) is w-ample
(see Notation and terminology 5); namely, A is ample and B̂+(A) = ∅. Hence, by
Proposition 2.13, and [19, Proposition 5.3(3)], we have H0(mA) = 〈Γ̂ss(mA)〉K for
every m≫ 1.
(3): We endow each Ej with Ej -Green functions such that Ej > 0. By the
relation (2.33), we have
B̂+
A+ m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);
n∑
j=1
δj [Ej ]

⊂ B̂+
A+ m∑
i=1
εiDi −
l∑
k=1
‖ϕk‖sup(0, [vk])−
n∑
j=1
δjEj
 ∪ B̂s
 n∑
j=1
δjEj ;
n∑
j=1
δj[Ej ]

= B̂+
A+ m∑
i=1
εiDi −
l∑
k=1
‖ϕk‖sup(0, [vk])−
n∑
j=1
δjEj
 .
So the assertion results from Lemma 2.10(4). 
Lemma 2.17. Let µ : X ′ → X be a birational morphism of normal projective
K-varieties, and let Ex(µ) be the exceptional locus.
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(1) For every (D; [Ξ]) ∈ ŴDivR,R(X), one has
B̂+(D; [Ξ]) = B̂+(D; [Ξ]+) = B+(D − Ξ+) ∪ B̂
ss(D; [Ξ]).
(2) For every D ∈ DivR(X), one has
B+(µ
∗D) = µ−1B+(D) ∪ Ex(µ).
(3) For every (D; [E]) ∈ D̂ivR,R(X), one has
B̂+(µ
∗D; [µ∗E]) = µ−1 B̂+(D; [E]) ∪ Ex(µ).
Proof. (1): We assume Ξ > 0 and show the second equality. The inclusion ⊃ is
clear by definition. If x /∈ B+(D−Ξ)∪B̂ss(D; [Ξ]), then there are an w-ample adelic
R-Cartier divisor A on X , a φ ∈ H0R(D −A− Ξ) \ {0}, and a ψ ∈ Γ̂
ss
R (D; [Ξ]) \ {0}
such that
x /∈ Supp(D −A+ (φ)− Ξ) ∪ Supp(D + (ψ)− Ξ).
Since D−A+(φ) > 0, the Green functions gD−Av − log |φ|
2
v are bounded from below
for all v ∈MK∪{∞}, and are non-negative for all but finitely many v ∈MK∪{∞}.
So one finds a sufficiently small rational number λ and a p ∈ K× ⊗Z R such that
D − λA+
(
λ(̂φ) + (1− λ)(̂ψ) + (̂p)
)
> 0.
Therefore, x /∈ B̂ss(D − λA; [Ξ]).
The assertion (2) is nothing but [3, Proposition 2.3] (which is valid over arbitrary
fields).
(3): By the assertions (1) and (2),
B̂+(µ
∗D; [µ∗E]) = B+(µ
∗(D − E)) ∪ B̂ss(µ∗D; [µ∗E])
= µ−1B+(D − E) ∪ Ex(µ) ∪ µ
−1
B̂
ss(D; [E])
= µ−1
(
B+(D − E) ∪ B̂
ss(D; [E])
)
∪ Ex(µ)
= µ−1 B̂+(D; [E]) ∪ Ex(µ).

2.5. Positivity of pairs. In this subsection, we introduce several positivity notions
of pairs, and prove the openness of the big cones of pairs (see Theorem 2.21).
Definition 2.8. Let X be a normal projective K-variety, let (D;V) ∈ B̂DivR,R(X),
and let K be either R, Q, or Z. We define positivity notions for pairs as follows.
(big): We say that (D;V) is big if there exists a w-ample adelic R-Cartier divisor
A such that (D − A;V) > 0 (see Notation and terminology 5 and Defini-
tion 2.5). We denote by
B̂BigK,K′(X) ⊃ D̂BigK,K′(X) ⊃ ŴBigK,K′(X) ⊃ B̂igK,K′(X)
the cone of all the big pairs in
B̂DivK,K′(X) ⊃ D̂DivK,K′(X) ⊃ ŴDivK,K′(X) ⊃ D̂ivK,K′(X),
respectively (see Definition 2.5).
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(pseudo-effective): We say that (D;V) is pseudo-effective if (D+A;V) is big for
every big adelic R-Cartier divisor A. We write
(D1;V1)  (D2;V2)
if (D2 −D1;V2 − V1) is pseudo-effective.
It is clear that the above positivity notions are compatible with addition: for ex-
ample, if (D1;V1) is big and (D2;V2) > 0, then (D1 +D2;V1 + V2) is also big.
We define the arithmetic volume of (D;V) as
(2.36) v̂ol(D;V) := lim sup
m∈N,
m→+∞
log ♯ Γ̂ss(mD;mV)
mdimX+1/(dimX + 1)!
.
Definition 2.9. Let X be a normal projective K-variety, let ν0 ∈ V(Rat(X)), and
let (D;V) ∈ B̂DivR,R(X).
(ν0-big): A pair (D;V) is called ν0-big if there exists a w-ample adelic R-Cartier
divisor A such that (D−A;V) >ν0 0. Let K, K
′ be either Z, Q, or R. We de-
note by B̂BigK,K′(X |ν0), etc., the cone of all the ν0-big pairs in B̂DivK,K′(X),
etc..
(ν0-pseudo-effective): We say that (D;V) is ν0-pseudo-effective if (D + A;V) is
ν0-big for every ν0-big adelic R-Cartier divisor A, and write
(D1;V1) ν0 (D2;V2)
if (D2 −D1;V2 − V1) is ν0-pseudo-effective.
Remark 2.18. (1) The cones B̂BigR,R(X |ν), etc., are not open in B̂DivR,R(X),
etc. (see also Lemma 2.19(1) and Theorem 2.21(2)). For instance, even if
D is ν-big, (D;−r[ν]) is not ν-big for every r > 0.
(2) If (D;V) ∈ B̂BigR,R(X), then Γ̂
ss
Q (D;V) 6= {0}. In fact, by Lemma 2.10(5),
there exists a w-ample adelic Q-Cartier divisor A
′
such that (D;V) > A
′
;
hence Γ̂ssQ (D;V) ⊃ Γ̂
ss
Q (A
′
) 6= {0}.
Lemma 2.19. Let (D;V) ∈ B̂DivR,R(X), and let ν ∈ V(Rat(X)).
(1) The following are equivalent.
(a) (D;V) is ν-big.
(b) ν(V) > 0 and (D;V+) is ν-big.
Moreover, if V ∈ WDivR(X) and dimOX,cX(ν) = 1, then the following is
also equivalent.
(c) ν(V) > 0 and cX(ν) /∈ B̂+(D;V).
(2) The following are equivalent.
(a) (D;V) is pseudo-effective.
(b) If (D
′
;V′) is big, then so is (D +D
′
;V+ V′).
(3) The following are equivalent.
(a) (D;V) is ν-pseudo-effective.
(b) If (D
′
;V′) is ν-big, then so is (D +D
′
;V+ V′).
Proof. (1): The implication (a) ⇒ (b) results from a remark after (2.17), and the
converse results from (0;−V−) >ν 0. The equivalence (b) ⇔ (c) is obvious by
definition of B̂+(D;V).
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(3): The implication (b) ⇒ (a) is clear. Given a ν-big pair (D
′
;V′), one finds a
w-ample adelic R-Cartier divisor A on X such that (D
′
−2A;V′) >ν 0. Since (D;V)
is ν-pseudo-effective, (D+A;V) is ν-big, so there is a φ ∈ Γ̂ssR (D+A;V) \ {0} such
that (D+A+(̂φ);V) >ν 0 (see Lemma 2.10(3)). Hence (D+D
′
;V+V′) >ν A− (̂φ).
By the same arguments, one can show the assertion (2). 
Lemma 2.20. Let µ : X ′ → X be a birational morphism of normal projective
varieties.
(1) (D;V) ∈ B̂DivR,R(X) is big (respectively, pseudo-effective) if and only if so
is µ−1∗ (D;V).
(2) If ν ∈ V(Rat(X)) and dim(OX,cX(ν)) = 1, then (D;V) ∈ B̂DivR,R(X) is
ν-big (ν-pseudo-effective) if and only if so is µ−1∗ (D;V).
Proof. We show the assertion (2).
(2): Let A be a w-ample adelic R-Cartier divisor on X such that (D;V) >ν A.
Then (µ∗D;Vµ) >ν µ
∗A and µ∗A is ν-big, since cX(ν) /∈ Ex(µ) = B̂+(µ∗A) (see
Lemmas 2.17(3) and 2.19(1)). Thus (µ∗D;Vµ) is ν-big.
Conversely, ifA
′
is a w-ample adelic R-Cartier divisor onX ′ such that (µ∗D;Vµ) >
A
′
, then there exists a w-ample adelic R-Cartier divisor A on X such that A
′
>ν
µ∗A (see Lemma 2.10(3)). So (µ∗(D − A);Vµ) >ν 0 and (D;V) is ν-big (see
Lemma 2.9(1)).
Next, if (D;V) is ν-pseudo-effective and A is ν-big, then (D+ εA;V) is ν-big for
every ε > 0. So µ∗A is ν-big and (µ∗D + εµ∗A;Vµ) is ν-big for every ε > 0.
Conversely, if A is a w-ample adelic R-Cartier divisor on X , then µ∗A is ν-big.
So, µ−1∗ (D + εA;V) is ν-big for every ε > 0 and, so is (D + εA;V). 
The main purpose of this subsection is the following.
Theorem 2.21. Let (D;V) ∈ B̂DivR,R(X). Let D1, . . . , Dm ∈ D̂ivR(X), V1, . . . ,Vn ∈
BCR(X), v1, . . . , vl ∈MK ∪ {∞}, and ϕ1 ∈ C0v1(X), . . . , ϕl ∈ C
0
vl
(X).
(1) If (D;V) ∈ B̂BigR,R(X), then there exists an ε > 0 such thatD + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+
n∑
j=1
δjVj
 ∈ B̂BigR,R(X)
for every εi, δj, and ϕk with |εi| 6 ε, |δj | 6 ε, and ‖ϕk‖sup 6 ε, respectively.
In particular, B̂BigR,R(X), etc., are open cones in B̂DivR,R(X), etc..
(2) Let ν0 ∈ V(Rat(X)) such that
cX(ν0) /∈
n⋃
j=1
SuppX(Vj).
(a) If (D;V) ∈ B̂BigR,R(X |ν0), then there exists an ε > 0 such thatD + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+
n∑
j=1
δjVj
 ∈ B̂BigR,R(X |ν0)
for every εi, δj, and ϕk with |εi| 6 ε, |δj | 6 ε, and ‖ϕk‖sup 6 ε,
respectively.
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(b) Suppose that cX(ν0) /∈ SuppX (V− ν0(V)[ν0]). If (D;V) ∈ B̂BigR,R(X |ν0),
then there exists an ε > 0 such thatD + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+ δ0[ν0] +
n∑
j=1
δjVj
 ∈ B̂BigR,R(X |ν0)
for every εi, δj, and ϕk such that |εi| 6 ε, |δj | 6 ε for j = 0, 1, . . . , n,
δ0 > −ν0(V), and ‖ϕk‖sup 6 ε, respectively.
In particular, if dimOX,cX(ν0) = 1, then ŴBigR,R(X |ν0) is an open cone in{
(D; [Ξ]) ∈ ŴDivR,R(X) : ν0([Ξ]) > 0
}
.
Proof. We show the assertion (2) only. Similar arguments also implies the assertion
(1).
(2)(a): We can assume that V1, . . . ,Vn are all effective. By Lemma 2.8(3), there
exists an adelic Cartier divisor Ej such that
(Ej ;Vj) >ν0 0.
Therefore,D + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+
n∑
j=1
δjVj

>ν0
D + m∑
i=1
εiDi −
∑
δj>0
δjEj −
l∑
k=1
‖ϕk‖sup(0, [vk]);V
 ,
so we can assume l = n = 0. We choose a w-ample adelic R-Cartier divisor A such
that (D;V) >ν0 A. By Lemma 2.10(4), there is an ε > 0 such that A+
∑m
i=1 εiDi
is w-ample for every εi with |εi| 6 ε. Since(
D +
m∑
i=1
εiDi;V
)
>ν0 A+
m∑
i=1
εiDi
and the right-hand side is w-ample, we have the required assertion.
(b): By Lemma 2.8(3) and the same arguments as above, we have
Claim 2.22. There exists a γ > 0 such thatD + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+ δ0[ν0] +
n∑
j=1
δjVj
 ∈ B̂BigR,R(X |ν0)
for every εi, δj, and ϕk with |εi| 6 γ, 0 6 δ0 6 γ, |δj | 6 γ for j = 1, . . . , n, and
‖ϕk‖sup 6 γ.
Next, we show
Claim 2.23. Suppose that ν0(V) > 0. There exists a γ such that 0 < γ < ν0(V)
and (
D;V− δ0[ν0]
)
∈ B̂BigR,R(X |ν0)
for every δ0 with 0 6 δ0 6 γ.
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Proof of Claim 2.23. Put V◦ := V−ν0(V)[ν0]. By Claim 2.22, there exists a γ0 > 0
such that (
D + δD;V+ δV◦
)
∈ B̂BigR,R(X |ν0)
for every δ with 0 6 δ 6 γ0. So(
D;V−
δν0(V)
1 + δ
[ν0]
)
∈ B̂BigR,R(X |ν0)
for every δ with 0 6 δ 6 γ0. Thus the assertion holds for γ :=
γ0
1+γ0
ν0(V). 
If ν0(V) = 0, then the assertion is nothing but Claim 2.22, so that we can assume
ν0(V) > 0. By Claims 2.22 and 2.23, there exists a γ with 0 < γ < ν0(V) such thatD + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+ δ0[ν0] +
n∑
j=1
δjVj
 ∈ B̂BigR,R(X |ν0)
and (
D;V− δ0[ν0]
)
∈ B̂BigR,R(X |ν0)
for every εi, δj , and ϕk with |εi| 6 γ, 0 6 δ0 6 γ, |δj | 6 γ for j = 1, . . . , n, and
‖ϕk‖sup 6 γ. So the assertion holds for ε := γ/2. 
2.6. Theory of Okounkov bodies. Let X be a normal, geometrically irreducible,
and projective K-variety, and let D be an R-Cartier divisor on X . A graded linear
series
V
•
⊂
⊕
m>0
H0(mD)
is said to contain an ample series if Vm 6= {0} for every m≫ 1 and there exists an
ample R-Cartier divisor A such that
• A 6 D and
• H0(mA) ⊂ Vm for every sufficiently divisible m
(see [4, Definition 1.1] and [23, page 1388]). Note that, here, one can change A with
an ample Q-Cartier divisor A′ 6 A having the same properties (see Lemma 2.10(5)).
Let ν : Rat(X)× → Λν be a valuation of Rat(X) with rational rank dimX (see
section 2.2). Denote by pr1 : Z× Λν → Z and pr2 : Z× Λν → Λν the first and the
second projection, respectively. We endow the R-vector space Λν ⊗Z R with the
Lebesgue measure vol normalized by the lattice Λν .
Definition 2.10. Let (D;V) ∈ B̂BigR,R(X) such that V > 0. For K = a blank, Q,
or R, we define
H0K(D;V)(2.37)
:=
{
φ ∈ H0K(D) \ {0} : νX(D + (φ)) > ν(V), ∀ν ∈ V(Rat(X))
}
∪ {0}
as a subset of H0K(D). Set
Sν(D;V) :=
{
(m,ν(φ)) : φ ∈ H0(mD;mV), m > 1
}
,(2.38)
Sν(D;V)m := pr2
(
Sν(D;V) ∩ pr
−1
1 (m)
)
(2.39)
for each m > 1, and
(2.40) ∆ν(D;V) :=
⋃
m>1
1
m
Sν(D;V)m.
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For each m > 1, we define an R-filtration on H0(mD;mV) ⊂ H0(mD) by
(2.41) Fmt(mD;mV) := 〈Γ̂ss(m(D − (0, 2t[∞]));mV)〉K
for t ∈ R and set
(2.42) Rt(D;V) :=
⊕
m>0
Fmt(mD;mV).
Moreover, we set
St
ν
(D;V) :=
{
(m,ν(φ)) : φ ∈ Fmt(mD;mV) \ {0}, m > 1
}
,(2.43)
St
ν
(D;V)m := pr2
(
St
ν
(D;V) ∩ pr−11 (m)
)
(2.44)
for each m > 1, and
(2.45) ∆t
ν
(D;V) :=
⋃
m>1
1
m
St
ν
(D;V)m.
We define the concave transform G
(D;V)
ν : ∆ν(D;V)→ R ∪ {−∞} as
(2.46) G(D;V)
ν
(w) := sup
{
t ∈ R : w ∈ ∆t
ν
(D;V)
}
for w ∈ ∆(D;V), and define the arithmetic Okounkov body of (D;V) as
(2.47) ∆̂ν(D;V) :=
{
(w, t) ∈ (Λν ⊗Z R)× R>0 : 0 6 t 6 G
(D;V)
ν
(w)
}
.
The theory of Boucksom–Chen [4, section 2] was generalized to the case of
normed graded linear series that contain ample series and belong to arithmetic
R-Cartier divisors over generically smooth, normal, and projective arithmetic va-
rieties in [23, section 1]. By using the same arguments, we can easily generalize
it to the case of adelically normed graded linear series that contain ample series
and belong to adelic R-Cartier divisors over normal projective algebraic varieties.
(Here, the adelic norms are induced from the supremum norms).
We apply this theory to our graded linear series⊕
m>0
H0(mD;mV) ⊂
⊕
m>0
H0(mD)
endowed with the subspace adelic norms induced from D, and obtain the following
(see [4, Theorem 2.8]).
Theorem 2.24. (1) For a (D;V) ∈ B̂BigR,R(X), one has
v̂ol(D;V) = lim
m∈N,
m→+∞
log ♯ Γ̂ss(mD;mV)
mdimX+1/(dimX + 1)!
= (dimX + 1)![K : Q] · vol
(
∆̂ν(D;V)
)
.
(2) For a ∈ R>0 and (D;V) ∈ B̂BigR,R(X), one has
v̂ol(aD; aV) = adimX+1 v̂ol(D;V).
(3) If (D;V), (D
′
;V′) ∈ B̂BigR,R(X), then
v̂ol(D +D
′
;V+ V′)1/(dimX+1)
> v̂ol(D;V)1/(dimX+1) + v̂ol(D
′
;V′)1/(dimX+1).
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Proof. We only show the assertion (2). If a is a positive integer, then the assertion
(2) results from the assertion (1). Hence it also holds for every a ∈ Q>0. In general,
we take two sequences of positive rational numbers (bi)
∞
i=1 and (ci)
∞
i=1 such that
bi 6 a 6 ci and ci − bi → 0 as i→∞. Then
bdimX+1i v̂ol(D;V) = v̂ol(biD; biV)
6 v̂ol(aD; aV) 6 v̂ol(ciD; ciV) = c
dimX+1
i v̂ol(D;V).
By taking i→∞, we have the assertion. 
Theorems 2.24 and 2.21 combined with the standard argument (see [12, Theo-
rem 6.3.4]) imply the following.
Corollary 2.25. The function
v̂ol : B̂BigR,R(X)→ R
is continuous, that is, if (D;V) ∈ B̂BigR,R(X), D1, . . . , Dm ∈ D̂ivR(X), V1, . . . ,Vn ∈
BCR(X), v1, . . . , vl ∈MK ∪ {∞}, and ϕ1 ∈ C0v1(X), . . . , ϕl ∈ C
0
vl(X), then
lim
εi,δj ,‖ϕk‖sup→0
v̂ol
D + m∑
i=1
εiDi +
l∑
k=1
(0, ϕk[vk]);V+
n∑
j=1
δjVj
 = v̂ol(D;V).
(Here the base conditions may not be effective.)
3. Approximation of pairs
3.1. Construction of adelic metrics. Let X be a normal projective K-variety,
and let
D1 =
D1, ∑
v∈MK∪{∞}
gDiv
 , . . . , Dr =
Dr, ∑
v∈MK∪{∞}
gDiv

be adelic Cartier divisors on X such that D1, . . . , Dr are all effective. This sub-
section is devoted to constructing (after blowing up) a coefficient-wise minimum of
D1, . . . , Dr (see Definition 3.1). Several special cases are already treated by many
authors [25, 9, 30, 18, 19]. Put
(3.1) I :=
r∑
i=1
OX(−Di).
Let ϕ : Y → X be a birational and projective morphism such that Y is normal and
IOY is Cartier. Let M be an effective Cartier divisor on Y such that OY (−M) =
IOY , and let
(3.2) gMv (x) := min
16i6r
{
gDiv (ϕ
an
v (x))
}
for v ∈MK ∪ {∞} and x ∈ Y anv .
Lemma 3.1. For every v ∈MK ∪ {∞}, g
M
v is a M -Green function on Y
an
v .
Proof. This follows from the same arguments as in [19, Proposition 4.7]. 
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Choose a nonempty open subset U of Spec(OK) over which models of definition
for D1, . . . , Dr exist. Given any ε > 0, there exist OK-models (Xε,Di,ε) of (X,Di)
such that Xε is normal, Di,ε are Q-Cartier divisors on Xε, (Xε,Di,ε)|U gives a
U -model of definition for Di, and
(3.3) ‖g(Xε,Di,ε)v − g
Di
v ‖sup 6 ε
for every v ∈ Spec(OK) \U . Let F ∈ DivQ(Xε) be a suitable positive combination
of vertical fibers on Xε such that
D1,ε + F , . . . ,Dr,ε + F
are all effective. Let n > 1 be an integer such that
n(D1,ε + F ), . . . , n(Dr,ε + F )
belong to Div(Xε), and put
(3.4) Jε,n :=
r∑
i=1
OXε(−n(Di,ε + F )).
The restriction of Jε,n to the generic fiber is given by Jε,n|X =
∑r
i=1 OX(−nDi).
Lemma 3.2. For every k > 1, we have(
r∑
i=1
OX(−kDi)
)
OY =
(
r∑
i=1
OX(−Di)
)k
OY .
Proof. We can assume that X is affine and that each of Di is principal with defining
equation fi.
Claim 3.3. Set I := (f1, . . . , fr) and Jk := (f
k
1 , . . . , f
k
r ). As ideals, we have
Ikr = Jk · I
k(r−1).
Proof of Claim 3.3. Given any non-negative integers a1, . . . , ar with a1+ · · ·+ar =
kr, there exists at least one j with aj > k. So, f
a1
1 · · · f
aj−k
j · · · f
ar
r ∈ I
k(r−1). 
By [17, Corollary 1.2.5], the above claim implies an equality
(3.5) Jk = (Ik)
between the integral closures of ideals. (We refer to [17, section 1] for the theory
of integral closures.) So by [17, Propositions 5.2.4 and 8.1.7] the normalization of
the blowup BlIk(X) is the same as the normalization of the blowup BlJk(X). By
persistence of integral closures [17, Remark 1.1.3(7)] and [17, Proposition 1.5.2], we
have
IkOY ⊂ (Ik)OY ⊂ IkOY = I
kOY
and, similarly, JkOY = JkOY . Hence the assertion results from (3.5). 
By Lemma 3.2, ϕ factorizes through the normalized blowup of X along Jε,n|X .
So there exists a birational and projective OK-morphism
(3.6) ϕε : Yε → Xε
of projective arithmetic varieties such that Yε is a normal OK-model of Y , ϕε
extends ϕ, and Jε,nOYε is Cartier. If we set Mε as a Q-Cartier divisor on Yε such
that
(3.7) OYε(−n(Mε + ϕ
∗
εF )) = Jε,nOYε ,
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then (Yε,Mε) is an OK -model of (Y,M).
Lemma 3.4. (1) For v ∈MK and x ∈ Y anv ,
g(Yε,Mε)v (x) = min
16i6r
{
g(Xε,Di,ε)v (ϕ
an
v (x))
}
.
(2) For v ∈MK ∩ U , g
(Yε,Mε)
v = gMv .
(3) For v ∈MK \ U , ‖g
(Yε,Mε)
v − gMv ‖sup 6 ε.
Proof. For each x ∈ (Y \ Supp(M))anv , we have
g(Yε,nMε)v (x)
= − logmax
{
|f |2v(x) : f ∈ OYε(−nMε)rXεv (x)
}
= − logmax
{
|h|2v(ϕ
an
v (x)) : h ∈ Jε,n,rXεv (ϕanv (x))
}
− g(Xε,nF)v (ϕ
an
v (x))
= min
16i6r
{
g(Xε,nDi,ε)v (ϕ
an
v (x))
}
.
The assertions (2) and (3) result from the assertion (1) and the relation (3.3). 
As a consequence of Lemma 3.4, we can make the following definition.
Definition 3.1. The couple M, ∑
v∈MK∪{∞}
gMv [v]

is an adelic Cartier divisor on Y . We denote it by
ϕ
min
16i6r
{
Di
}
=
 ϕmin
16i6r
{Di} ,
∑
v∈MK∪{∞}
ϕ
min
16i6r
{
gDiv
}
[v]
 .
Remark 3.5. (1) If Di > 0 for every i, then min
ϕ
i
{
Di
}
> 0.
(2) Let ϕ′ : Y ′ → X be another birational and projective morphism such that
Y ′ is normal and ϕ′ factorizes as ϕ′ = ψ ◦ ϕ. Then
ϕ′
min
16i6r
{
Di
}
= ψ∗
ϕ
min
16i6r
{
Di
}
.
(3) For each integer k > 1, let
Jk :=
r∑
i=1
OX(−kDi)
and let ϕk : Yk → X be the normalized blowup along Jk. Then, by
Lemma 3.2, ϕk factorizes through ϕ1, and
ϕk
min
16i6r
{
kDi
}
= k
ϕk
min
16i6r
{
Di
}
.
In particular, we can define the minimum adelicQ-Cartier divisorminϕ16i6r
{
Di
}
for every D1, . . . , Dr ∈ D̂ivQ(X) such that D1, . . . , Dr are effective.
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Lemma 3.6. We keep the same notation as above. For every ν ∈ V(Rat(X)), one
has
νY
(
ϕ
min
16i6r
{Di}
)
= min
16i6r
{νX(Di)} .
Proof. Note that, for any effective Cartier divisor D on X with defining ideal sheaf
OX(−D), one has
(3.8) νX(D) = min
{
ν(φ) : φ ∈ OX(−D)cX(ν) \ {0}
}
.
In fact, we take a local equation f definingD around cX(ν). Each φ ∈ OX(−D)cX (ν)\
{0} can be written as fg with g ∈ OX,cX(ν) \ {0}. So
ν(φ) = ν(fg) = ν(f) + ν(g) > ν(f).
Let D′ := minϕ16i6r {Di}, let
I :=
r∑
i=1
OX(−Di)
as in (3.1), and let fi be a local equation definingDi around cX(ν). Since OY (−D
′) =
IOY , any element in OY (−D′)cX(ν) \ {0} can be written as
(3.9) f1g1 + · · ·+ frgr
with gi ∈ OY,cY (ν). We remove zeros in (3.9), and assume that any partial sum of
(3.9) is nonzero. Then
ν(f1g1 + · · ·+ frgr) > min
gi 6=0
{ν(fi)} .
So, we conclude. 
Lemma 3.7. We keep the same notations as above. Let D0 be another adelic
Cartier divisor on X such that D0 is effective and let I0 :=
∑r
i=1 OX(−Di −D0).
Then I0OY is Cartier and
ϕ
min
16i6r
{
Di +D0
}
=
ϕ
min
16i6r
{
Di
}
+ ϕ∗D0.
Proof. Since⊕
16i6r
OX(−Di −D0) =
 ⊕
16i6r
OX(−Di)
 ⊗OX OX(−D0),
we have I0 = IOX(−D0). It infers the assertion. 
Let (D;V) ∈ B̂DivZ,R(X) such that Γ̂ssQ (D;V) 6= {0}. For each integer m > 1
and φ ∈ Γ̂ss(mD;mV) \ {0}, we put
λφ := ess.inf
x∈Xan
∞
log |φ|(x) exp
(
1
2
gmD∞ (x)
)
,
and consider the minimum adelic Cartier divisor of the finite family
(3.10)
{
mD + (̂φ)− (0, 2λφ[∞]) : φ ∈ Γ̂
ss(mD;mV) \ {0}
}
.
Let ϕm : Xm → X be the normalized blowup along
Im :=
∑
φ∈Γ̂ss(mD;mV)\{0}
OX(−(mD + (φ))),
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and set
M(mD;mV)(3.11)
:= ϕ∗m(mD)−
ϕm
min
φ∈Γ̂ss(mD;mV)\{0}
{
mD + (̂φ)− (0, 2λφ[∞])
}
.
Lemma 3.8. (1) For each m > 1 with Γ̂ss(mD;mV) 6= {0}, the morphism
〈Γ̂ss(mD;mV)〉K ⊗K OXm → OXm(M(mD;mV))
is surjective,
Γ̂ss(M(mD;mV))
ϕ∗m= Γ̂ss(ϕ∗m(mD); (mV)
ϕm),
and M(mD;mV) 6 (ϕ∗m(mD); (mV)
ϕm).
(2) If (D;V) is big, then (ϕm : Xm → X,M(mD;mV)/m) ∈ Θ̂(D;V) for every
sufficiently divisible m.
Proof. This is a version for pairs of [19, Proposition 4.7].
(1): Since the homomorphism 〈Γ̂ss(mD;mV)〉K ⊗K OX(−mD) → Im is surjec-
tive, so is
ι : 〈Γ̂ss(ϕ∗m(mD); (mV)
ϕm)〉K ⊗K OXm → OXm(M(mD;mV)).
For each s ∈ Γ̂ss(M(mD;mV)) ⊂ Γ̂ss(ϕ∗m(mD); (mV)
ϕm), we have ι(s) = s, so
Γ̂ss(M(mD;mV)) is contained in the image of Γ̂ss(ϕ∗m(mD); (mV)
ϕm) via ι. By
[19, Claim 4.9], we have
Γ̂ss(M(mD;mV)) = ι
(
Γ̂ss(ϕ∗m(mD); (mV)
ϕm)
)
.
(2): By Lemma 3.6 and the definition (3.11), we have
(ϕ∗m(mD); (mV)
ϕm) >M(mD;mV).
The rest of the assertion is obvious. 
3.2. Arithmetic positive intersection numbers.
Definition 3.2. Let X be a normal projective K-variety. An approximation of a
pair (D;V) ∈ B̂BigR,R(X) is a couple (µ : X
′ → X,M) of a projective and birational
morphism µ : X ′ → X of normal projective varieties and an M ∈ N̂efR(X
′) ∩
B̂igR(X
′) such that M  µ−1∗ (D;V). We denote by Θ̂(D;V) the set of all the
approximations of (D;V), and set
Θ̂amp(D;V) :=
{
(µ,M) : M ∈ N̂efQ(X) is ample and M 6 µ
−1
∗ (D;V)
}
.
(admissible): Let U be a nonempty open subset of Spec(OK), and let δ > 0. Let
Θ̂U,δ(D) be the set of all the normal OK -models (X ,D) of (X,D) such
that
• gDv − δ 6 g
(X ,D)
v 6 gDv for all v ∈MK \ U and
• g
(X ,D)
v = gDv for all but finitely many v ∈MK ∩ U .
Put
Θ̂mod(D) :=
⋃
U⊂Spec(OK),
δ>0
Θ̂U,δ(D),
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where U runs over all the nonempty open subsets of Spec(OK). Given an
(X ,D) ∈ Θ̂mod(D), we set D := (D , gD∞).
An admissible approximation of (D ;V) is a couple (µ˜ : X ′ → X ,M ) of
a projective and birationalOK -morphism µ˜ : X
′ → X of normal projective
arithmetic varieties and a nef and big arithmetic R-Cartier divisor M on
X ′ such that X ′K is smooth, such that µ˜
∗D −M is an effective arithmetic
Q-Cartier divisor on X ′, and such that νX ′
K
(µ˜∗DK − MK) > ν(V) for
every ν ∈ V(Rat(X)). We denote by Θ̂ad(D ;V) the set of all the admissible
approximations of (D ;V).
Given two admissible approximations (µ˜1 : X
′
1 → X ,M 1) and (µ˜2 :
X ′2 → X ,M 2) of (D ;V), we write
(µ˜1 : X
′
1 → X ,M 1) 6 (µ˜2 : X
′
2 → X ,M 2)
if there exists a birational morphism µ˜ : X ′ → X of normal projective
arithmetic varieties such that µ˜ can be factorized into X ′
µ˜′1−→ X ′1
µ˜1
−→ X
and X ′
µ˜′2−→ X ′2
µ˜2
−→ X , respectively, and
µ˜′∗1 M
ad
1 6 µ˜
′∗
2 M
ad
2
holds. The set Θ̂ad(D ;V) is partially ordered with respect to this order.
(See [18, section 3].)
The approximations of arithmetic R-Cartier divisors is already treated in [18, sec-
tion 3]. By using the approximation theorem (see for example [25, Theorem 4.1.3]),
we can easily reduce our case to the case of [18, section 3] (see Proposition 3.9
below).
Proposition 3.9. Let (D;V) ∈ B̂BigR,R(X), and let U be a nonempty open subset
of Spec(OK) over which a model of definition for D exists.
(1) Given any δ > 0, Θ̂U,δ(D) is nonempty.
(2) For each (X ,D) ∈ Θ̂mod(D), the ordered set Θ̂ad(D ;V) is filtered.
(3) Let (ϕ : X ′ → X,M) ∈ Θ̂(D;V) and let U ′ be a nonempty open subset of
Spec(OK) over which a model of definition for M exists. Given any δ with
0 < δ < 1, there exists an ample adelic Q-Cartier divisor H on X ′ such
that
• H − (1− δ)M is nef and w-ample,
• (D −H ;V) is big and strictly effective, and
• H has a U ′-model of definition.
(4) Let (X ,D) ∈ Θ̂mod(D), let (ϕ : X ′ → X,M) ∈ Θ̂(D
ad
;V), and let U ′ be
a nonempty open subset of Spec(OK) over which a model of definition for
M exists. Given any δ with 0 < δ < 1, there exists a (ϕ˜ : X ′ → X ,H ) ∈
Θ̂ad(D ;V) such that
• ϕ˜ : X ′ → X is a birational and projective morphism of normal OK -
models extending ϕ,
• H
ad
is ample on X ′, H is relatively ample on X ′, and
• (1− δ)M − δ
∑
v∈MK\U ′
(0, [v])  H
ad
.
Proof. The assertion (1) is nothing but [25, Theorem 4.1.3].
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(2): Let (ϕ˜1 : X
′
1 → X ,M 1) and (ϕ˜2 : X
′
2 → X ,M 2) in Θ̂ad(D ;V). By taking
a modification dominating both ϕ˜1 and ϕ˜2, one can assume ϕ˜1 = ϕ˜2 and X
′
1 = X
′
2 .
Let
F i := ϕ˜
∗
1D −M i
for i = 1, 2. Let n > 1 be an integer such that both of nF1 and nF2 belong to
Div(X ′1 ), let
Jn := OX ′1 (−nF1) + OX ′1 (−nF2),
and let ψ˜1 : X
′ → X ′1 be the normalized blowup along Jn. Put
F :=
ψ˜1
min
{
F 1,F 2
}
as in [18, Proposition 3.2], ϕ˜ := ψ˜1 ◦ ϕ˜1, and M := ϕ˜∗D−F . Then, by Lemma 3.6
and [18, Lemma 3.4], (ϕ˜ : X ′ → X ,M ) ∈ Θ̂ad(D ;V) and (ϕ˜,M ) > (ϕ˜i,M i) for
i = 1, 2.
(3): By use of Theorem 2.21(1), one finds a nef and w-ample adelic R-Cartier
divisor A such that (D−A;V) is still big, and such that A has a U ′-model of defi-
nition (see [19, Lemma 2.6]). Fix nef and w-ample adelic Cartier divisors A1, . . . Al
such that A1, . . . , Al form a basis for a rational R-subspace of DivR(X) containing
both A and M , and such that A1, . . . , Al have U
′-models of definition. By using
Theorem 2.21(1) again, one can find an α > 0 such that
(3.12) (D −A;V)− α1A1 − · · · − αlAl
is big for every αk with 0 6 αk 6 α.
Put H
′
:= δA+ (1 − δ)M , which is ample by Theorem 2.11(2), and choose real
numbers β1, . . . , βl such that 0 6 βk 6 αδ and such that
H
′′
:= H
′
+ β1A1 + · · ·+ βlAl
is rational. By Lemma 2.19(2),
(D −H
′′
;V)
=
(
δ(D −A;V)− β1A1 − · · · − βlAl
)
+ (1 − δ)(D −M ;V)
is big, so that we can take a φ ∈ Γ̂ssQ (D−H
′′
;V) \ {0} (see Remark 2.18(2)). Then
H := H
′′
− (̂φ) has the required properties.
(4): By the assertion (3), we can find a (ϕ : X ′ → X,H) ∈ Θ̂amp(D
ad
;V) such
that
• (1 − δ)M  H ,
• ϕ−1∗ (D
ad
;V)−H is big, and
• H has a U ′-model of definition.
By reducing δ if necessary, we can assume that H − δ
∑
v∈MK\U ′
(0, [v]) is ample
and that ϕ−1∗ (D ;V)−H − δ
∑
v∈MK\U
(0, [v]) is big (see Theorems 2.11 and 2.21).
We can find a normal OK -model (X
′,H ′) of (X ′, H) such that
• there is a birational and projective morphism ϕ˜ : X ′ → X extending ϕ,
• H ′ is relatively nef,
• H − δ
∑
v∈MK\U ′
(0, [v]) 6 H
′ad
6 H, and
• ϕ−1∗ (D
ad
;V)−H
′ad
is big,
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where H
′
:= (H ′, gH∞).
We fix ample arithmetic Cartier divisors A 1, . . .A l such that A1, . . . ,Al are
relatively ample and form a basis for a rational R-subspace of DivR(X ′) containing
both ϕ˜∗D and H ′. We choose non-negative real numbers β1, . . . , βl such that
ϕ−1∗ (D
ad
;V)−H
′ad
− β1A
ad
1 − · · · − βlA
ad
l
is still big and such that ϕ˜∗D −H ′ − β1A1 − · · · − βlAl belongs to DivQ(X
′).
Take a φ ∈ Γ̂ssQ (ϕ˜
∗D
ad
− H
′ad
− β1A
ad
1 − · · · − βlA
ad
l ;V
ϕ) \ {0} (see Re-
mark 2.18(2)), and set
H := H
′
+ β1A 1 + · · ·+ βlA l − (̂φ).
Then (ϕ˜ : X ′ → X ,H ) ∈ Θ̂ad(D ;V) has the required properties. 
Definition 3.3. Let n be an integer such that 0 6 n 6 dimX+1, let (D1;V1), . . . , (Dn;Vn) ∈
B̂BigR,R(X), and let Dn+1, . . . , DdimX+1 ∈ N̂efR(X) ∩ B̂igR(X). We define
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1(3.13)
:= sup
(µ,M i)∈Θ̂(Di;Vi)
d̂eg
(
M1 · · ·Mn · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
,
which is a positive real number.
Remark 3.10. Under the notations as above, one can easily see the following.
(1) The map B̂BigR,R(X)
×n × (N̂efR(X) ∩ B̂igR(X))
×(dimX+1−n) → R>0,
((D1;V1), . . . , (Dn;Vn);Dn+1, . . . , DdimX+1)
7→ 〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1,
is symmetric in (D1;V1), . . . , (Dn;Vn) (respectively, inDn+1, . . . , DdimX+1).
(2) If (D
′
1;V
′
1) ∈ B̂BigR,R(X) satisfies (D1;V1)  (D
′
1;V
′
1), then
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
6 〈(D
′
1;V
′
1) · (D2;V2) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1.
(3) For every a ∈ R>0,
〈(aD1; aV1) · (D2;V2) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
= a〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1.
(4) If (D
′
1;V
′
1) ∈ B̂BigR,R(X), then
〈(D1 +D
′
1;V1 + V
′
1) · (D2;V2) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
> 〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
+ 〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1.
Note that the base conditions may not be effective.
Proposition 3.11. We use the notations as above. Let Eab ∈ D̂ivR(X), Wcd ∈
BCR(X), vef ∈MK ∪ {∞}, and ϕef ∈ C0vef (X). One has
lim
εab,δcd,‖ϕef‖sup→0
〈(
D1 +
p1∑
b=1
ε1bE1b +
r1∑
f=1
(0, ϕ1f [v1f ]);V1 +
q1∑
d=1
δ1dW1d
)
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· · ·
(
Dn +
pn∑
b=1
εnbEnb +
rn∑
f=1
(0, ϕnf [vnf ]);Vn +
qn∑
d=1
δndWnd
)〉
·Dn+1 · · ·DdimX+1
= 〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1,
where the base conditions may not be effective.
Proof. By Remark 3.10(2), we can assume r1 = · · · = rn = 0. By Theorem 2.21(1),
there exists a γ0 > 0 such that
(Di;Vi) +
(
pi∑
b=1
εibEib;
qi∑
d=1
δidWid
)
∈ B̂BigR,R(X)
for i = 1, . . . , n, εab, and δcd with max{|εab|, |δcd|} 6 γ0. So,
(1− γ)(Di;Vi)  (Di;Vi) +
(
pi∑
b=1
εibEib;
qi∑
d=1
δidWid
)
 (1 + γ)(Di;Vi)
for every εab, δcd with max{|εab|, |δcd|} 6 γ0γ.
By Remark 3.10(2),(3), we have
(1− γ)n〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
6
〈(
D1 +
p1∑
b=1
ε1bE1b +
r1∑
f=1
(0, ϕ1f [v1f ]);V1 +
q1∑
d=1
δ1dW1d
)
· · ·
(
Dn +
pn∑
b=1
εnbEnb +
rn∑
f=1
(0, ϕnf [vnf ]);Vn +
qn∑
d=1
δndWnd
)〉
·Dn+1 · · ·DdimX+1
6 (1 + γ)n〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
for every εab, δcd with max{|εab|, |δcd|} 6 γ0γ. Hence the middle converges to
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1 as max{|εab|, |δcd|} → 0. 
Proposition 3.12. Let n be an integer with 0 6 n 6 dimX+1, let (D1;V1), . . . , (Dn;Vn) ∈
B̂BigR,R(X), and let Dn+1, . . . , DdimX+1 ∈ N̂efR(X) ∩ B̂igR(X).
(1) Let U be a nonempty open subset of Spec(OK) over which a model of defi-
nition for D1, . . . , Dn exist, and let δ > 0. One has
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
= sup
(µ,Mi)∈Θ̂amp(Di,Vi)
d̂eg
(
M1 · · ·Mn · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
= sup
(X ,Di)∈Θ̂U,δ(Di)
sup
(µ˜,M i)∈Θ̂ad(D
ad
i ;Vi)
d̂eg
(
M
ad
1 · · ·M
ad
n · µ˜
∗Dn+1 · · · µ˜
∗DdimX+1
)
.
(2) For D
(1)
n+1, D
(2)
n+1 ∈ N̂efR(X) ∩ B̂igR(X) one has
〈(D1;V1) · · · (Dn;Vn)〉 · (D
(1)
n+1 +D
(2)
n+1) ·Dn+2 · · ·DdimX+1
= 〈(D1;V1) · · · (Dn;Vn)〉 ·D
(1)
n+1 · · ·DdimX+1
+ 〈(D1;V1) · · · (Dn;Vn)〉 ·D
(2)
n+1 · · ·DdimX+1.
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(3) Let e1, . . . , er be integers such that e1 + · · ·+ er = n. Then
〈(D1;V1)
·e1 · · · (Dr;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1
= sup
(µ,M i)∈Θ̂(Di;Vi)
d̂eg
(
M
·e1
1 · · ·M
·er
r · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
,
where 〈(D1;V1)·e1 · · · (Dr;Vr)·er 〉 ·Dn+1 · · ·DdimX+1 is an abbreviation for
〈
e1︷ ︸︸ ︷
(D1;V1) · · · (D1;V1) · · ·
er︷ ︸︸ ︷
(Dr;Vr) · · · (Dr;Vr)〉 ·Dn+1 · · ·DdimX+1.
Proof. (1): We show the second equality. The inequality > is clear. By Proposi-
tion 3.11, there exist (X ,D1) ∈ Θ̂U,δ(D1), . . . , (X ,Dn) ∈ Θ̂U,δ(Dn) such that
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
6 〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 ·Dn+1 · · ·DdimX+1 + ε.
Take (µ,M1) ∈ Θ̂(D
ad
1 ;V1), . . . , (µ,Mn) ∈ Θ̂(D
ad
n ;Vn) such that
〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 ·Dn+1 · · ·DdimX+1
6 d̂eg
(
M1 · · ·Mn · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
+ ε.
Let U ′ be a nonempty open subset of Spec(OK) over which models of definition for
M1, . . . ,Mn exist. We can choose a sufficiently small δ > 0 such that
d̂eg
(
M1 · · ·M r · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
6 d̂eg
(1 − δ)M1 − δ ∑
v∈MK\U ′
(0, [v])
 · · ·
(1− δ)M r − δ ∑
v∈MK\U ′
(0, [v])

· µ∗Dn+1 · · ·µ
∗DdimX+1
+ ε.
All in all, we can find, by Proposition 3.9, (µ˜,H 1) ∈ Θ̂ad(D1;V1), . . . , (µ˜,H n) ∈
Θ̂ad(Dn;Vn) such that
〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1
6 d̂eg
(
M1 · · ·M r · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
+ 2ε
6 d̂eg
(
(H
ad
1 ) · · · (H
ad
n ) · µ˜
∗Dn+1 · · · µ˜
∗DdimX+1
)
+ 3ε
6 sup
(µ˜,M i)∈Θ̂ad(D
ad
i ;Vi)
d̂eg
(
M
ad
1 · · ·M
ad
n · µ˜
∗Dn+1 · · · µ˜
∗DdimX+1
)
+ 3ε.
So we conclude the proof.
(2): The inequality 6 is clear. Let U be a nonempty open subset of Spec(OK)
over which models of definition for D1, . . . , Dn exist. Given any ε > 0, there exists
a δ > 0 such that
〈(D1;V1) · · · (Dn;Vn)〉 ·D
(i)
n+1 · · ·DdimX+1
6
〈D1 − δ ∑
v∈MK\U
(0, [v]);V1
 · · ·
Dn − δ ∑
v∈MK\U
(0, [v]);Vn
〉
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·D
(i)
n+1 · · ·DdimX+1 + ε.
for i = 1, 2 (see Proposition 3.11). By Proposition 3.9(1) and Remark 3.10(2), there
exist (X ,D1) ∈ Θ̂U,δ(D1), . . . , (X ,Dn) ∈ Θ̂U,δ(Dn) such that
〈(D1;V1) · · · (Dn;Vn)〉 ·D
(i)
n+1 · · ·DdimX+1
6 〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 ·D
(i)
n+1 · · ·DdimX+1 + ε
for i = 1, 2. Hence, by Proposition 3.9(2),(4),
〈(D1;V1) · · · (Dn;Vn)〉 ·D
(1)
n+1 · · ·DdimX+1
+ 〈(D1;V1) · · · (Dn;Vn)〉 ·D
(2)
n+1 · · ·DdimX+1
6 〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 ·D
(1)
n+1 · · ·DdimX+1
+ 〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 ·D
(2)
n+1 · · ·DdimX+1 + 2ε
= 〈(D
ad
1 ;V1) · · · (D
ad
n ;Vn)〉 · (D
(1)
n+1 +D
(2)
n+1) · · ·DdimX+1 + 2ε
6 〈(D1;V1) · · · (Dn;Vn)〉 · (D
(1)
n+1 +D
(2)
n+1) · · ·DdimX+1 + 2ε
for every ε > 0.
(3): The inequality > is clear. Let U be a nonempty open subset of Spec(OK)
over which models of definition for D1, . . . , Dr exist. Given any ε > 0, there exists
a δ > 0 such that
〈(D1;V1)
·e1 · · · (Dr;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1
6
〈D1 − δ ∑
v∈MK\U
(0, [v]);V1
·er · · ·
Dr − δ ∑
v∈MK\U
(0, [v]);Vr
·er〉
·Dn+1 · · ·DdimX+1 + ε.
(see Proposition 3.11). By Proposition 3.9(1) and Remark 3.10(2), there exist
(X ,D1) ∈ Θ̂U,δ(D1), . . . , (X ,Dn) ∈ Θ̂U,δ(Dn) such that
〈(D1;V1)
·e1 · · · (Dr;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1
6 〈(D
ad
1 ;V1)
·e1 · · · (D
ad
r ;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1 + ε.
Hence, by Proposition 3.9(2),(4),
〈(D1;V1)
·e1 · · · (Dr;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1
6 〈(D
ad
1 ;V1)
·e1 · · · (D
ad
r ;Vr)
·er 〉 ·Dn+1 · · ·DdimX+1 + ε
= sup
(µ˜,M i)∈Θ̂ad(Di;Vi)
d̂eg
(
(M
ad
1 )
·e1 · · · (M
ad
r )
·er · µ˜∗Dn+1 · · · µ˜
∗DdimX+1
)
+ ε
6 sup
(µ,M i)∈Θ̂(Di;Vi)
d̂eg
(
M
·e1
1 · · ·M
·er
r · µ
∗Dn+1 · · ·µ
∗DdimX+1
)
+ ε
for every ε > 0. 
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Definition 3.4. By Proposition 3.12(2), we can extend the map (3.13) to B̂BigR,R(X)
×n×
ÎntR(X)
×(dimX+1−n) → R,
((D1;V1), . . . , (Dn;Vn);Dn+1, . . . , DdimX+1)
7→ 〈(D1;V1) · · · (Dn;Vn)〉 ·Dn+1 · · ·DdimX+1.
If n = dimX , then, by using the same arguments as in [18, Proposition 3.10(3)],
we have a map B̂BigR,R(X)
× dimX × D̂ivR(X)→ R,
((D1;V1), . . . , (DdimX ;VdimX);DdimX+1)
7→ 〈(D1;V1) · · · (DdimX ;VdimX)〉 ·DdimX+1.
Theorem 3.13. For every (D;V) ∈ B̂BigR,R(X), one has
v̂ol(D;V) = 〈(D;V)·(dimX+1)〉.
Proof. The inequality > results from Corollary 2.25. First, we assume (D;V) ∈
B̂BigZ,R(X). For any ε > 0, there exists an m1 > 1 such that
(3.14) v̂ol(D;V) 6
log ♯ Γ̂ss(mD;mV)
mdimX+1/(dimX + 1)!
+ ε
for every m > m1 (see Theorem 2.24).
By Lemma 3.8(2), there exists an m2 > m1 such that
(ϕm2m,M(m2mD;m2mV)/(m2m)) ∈ Θ̂(D;V)
for every m > 1. By Lemma 3.8(1) and Theorem 2.24,
(3.15)
log ♯ Γ̂ss(mm2D;mm2V)
(mm2)dimX+1/(dimX + 1)!
=
log ♯ Γ̂ss(M(mm2D;mm2V))
(mm2)dimX+1/(dimX + 1)!
for every m > 1 and
(3.16)
log ♯ Γ̂ss(M(mm2D;mm2V))
(mm2)dimX+1/(dimX + 1)!
6
v̂ol(M(m2D;m2V))
mdimX+12
+ ε
for every m≫ 1.
All in all, we have
v̂ol(D;V) 6
v̂ol(M(m2D;m2V))
mdimX+12
+ 2ε 6 〈(D;V)·(dimX+1)〉+ 2ε
for every ε > 0.
In general, by homogeneity and continuity (see Proposition 3.11 and Theo-
rem 2.24), the assertion holds for every (D;V) ∈ B̂BigR,R(X). 
4. Differentiability of the arithmetic volumes
4.1. Proof of Theorem A. We recall the arithmetic Siu inequality of Yuan and
its consequence (see [28, Theorem 2.2] and [18, Proposition 6.1]).
Proposition 4.1. (1) Let M,N be nef adelic R-Cartier divisors on X. Then
v̂ol(M −N) > d̂eg
(
M
·(dimX+1)
)
− (dimX + 1) d̂eg
(
M
· dimX
·N
)
.
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(2) Let M,D
′
∈ D̂ivR(X). Suppose that M is nef, and there exists a nef and
big adelic R-Cartier divisor A such that A±D
′
is nef and A−M is pseudo-
effective. Then for all r ∈ R
v̂ol(M + rD
′
)− v̂ol(M)
> (dimX + 1) d̂eg(M
· dimX
·D
′
) · r − C(|r|) v̂ol(A) · r2,
where C(|r|) := 2 dimX(dimX + 1)(1 + |r|)dimX−1.
The main purpose of this paper is the following.
Theorem 4.2. Let (D;V) ∈ B̂DivR,R(X) and D
′
∈ D̂ivR(X). If (D;V) is big, then
the function
R ∋ r 7→ v̂ol(D + rD
′
;V) ∈ R
is two-sided differentiable at r = 0, and
lim
r→0
v̂ol(D + rD
′
;V)− v̂ol(D;V)
r
= (dimX + 1)〈(D;V)· dimX〉 ·D
′
.
Proof. First, we assume that D
′
is integrable, and fix a nef and big adelic R-
Cartier divisor A such that A ± D
′
is nef and A − D is pseudo-effective. By
Proposition 4.1(1), for every r ∈ R with |r| 6 1 and (ϕ,M) ∈ Θ̂(D;V),
v̂ol(D + rD
′
;V) > v̂ol(M + rϕ∗D
′
)
> v̂ol(M) + (dimX + 1) d̂eg(M
· dimX
· ϕ∗D
′
) · r − C v̂ol(A) · r2
and, for every r ∈ R with |r| 6 1 and (ϕr ,Mr) ∈ Θ̂(D + rD
′
;V),
v̂ol(D;V) > v̂ol(M r − rϕ
∗
rD
′
)
> v̂ol(M r)− (dimX + 1) d̂eg(M
· dimX
r · ϕ
∗
rD
′
) · r − C v̂ol(2A) · r2,
where we set C := 2dimX dimX(dimX + 1). Note that (D + rD
′
;V) ∈ B̂BigR(X)
for every r with |r| sufficiently small (Theorem 2.21(1)). Hence, by Theorem 3.13,
v̂ol(D + rD
′
;V)− v̂ol(D;V) > (dimX + 1)r〈(D;V)· dimX〉 ·D
′
− Cr2 v̂ol(A)
and
v̂ol(D;V)− v̂ol(D + rD
′
;V)
> −(dimX + 1)r〈(D + rD
′
;V)· dimX〉 ·D
′
− Cr2 v̂ol(2A)
hold for all r with |r| ≪ 1. Thus, by Remark 3.10(4), we conclude.
Next, in general, one can find, by the Stone-Weierstrass theorem, a sequence
of continuous functions (fn)n>1 such that D
′
+ (0, 2fn[∞]) is of C∞-type and
‖fn‖sup → 0 as n→∞. Since∣∣∣∣∣ v̂ol(D + rD
′
;V)− v̂ol(D;V)
r
−
v̂ol(D + r(D
′
+ (0, 2fn[∞]));V) − v̂ol(D;V)
r
∣∣∣∣∣
6 (dimX + 1)(‖fn‖sup)[K : Q] vol(D + rD
′)
for all r ∈ R \ {0} and n > 1, we have, by Remark 3.10(4),
lim
r→0
v̂ol(D + rD
′
;V)− v̂ol(D;V)
r
= (dimX + 1)〈(D;V)· dimX〉 ·D
′
.
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
4.2. Arithmetic Bonnesen–Diskant inequalities. By the same arguments as
in [29, section 2.3], we can easily see that the arithmetic Hodge index theorem is
also valid for adelic R-Cartier divisors.
Theorem 4.3 (Arithmetic Hodge index theorem). Let X be a projective variety
over a number field. Let D be an integrable adelic R-Cartier divisor on X, and let
H1, . . . , HdimX be nef adelic R-Cartier divisors on X such that H1, . . . , HdimX−1
are big.
(1) If deg(D ·H2 · · ·HdimX) = 0, then d̂eg(D
·2
·H2 · · ·HdimX) 6 0.
(2) If d̂eg(D ·H1 · · ·HdimX) = 0, then d̂eg(D
·2
·H2 · · ·HdimX) 6 0.
Proof. We reproduce the proof for reader’s convenience.
(1): Suppose that H1, . . .HdimX−1 are nef adelic Q-Cartier divisors on X .
Choose D1, . . . , Dl ∈ D̂iv(X) and a1, . . . , al ∈ R such that a1, . . . , al are Q-linearly
independent and D = a1D1 + · · ·+ alDl. Since
l∑
i=1
ai deg(Di ·H1 · · ·HdimX−1) = 0
and deg(Di ·H1 · · ·HdimX−1) ∈ Q, we have deg(Di ·H1 · · ·HdimX−1) = 0 for all i.
So, by [29, Theorem 1.3], we have
d̂eg((b1D1 + · · ·+ blDl)
·2 ·H1 · · ·Hd−1) 6 0
for all b1, . . . , bl ∈ Q, and d̂eg(D
·2
·H1 · · ·Hd−1) 6 0 by continuity.
Next, in general, we fix an ample adelic Cartier divisor A on X . For each
i = 2, . . . , dimX , we choose a sequence (A
(j)
i )
∞
j=1 of nef adelic R-Cartier divisors,
all of which are contained in a finite dimensional R-subspace of D̂ivR(X), having
the properties that A
(j)
i → 0 as j →∞ and H
(j)
i := Hi +A
(j)
i are all rational. For
each j, we set
εj := −
deg
(
D ·H
(j)
2 · · ·H
(j)
dimX
)
deg
(
A ·H
(j)
1 · · ·H
(j)
dimX
) ∈ R.
Then
deg
(
(D + εjA) ·H
(j)
2 · · ·H
(j)
dimX
)
= 0,
H
(j)
i ∈ N̂efQ(X), and H
(j)
i are big, so, by the first case, we have
d̂eg
(
(D + εjA)
·2 ·H
(j)
2 · · ·H
(j)
dimX
)
6 0.
As j →∞, we have H
(j)
i → Hi and
εj → −
deg (D ·H2 · · ·HdimX)
deg (A ·H2 · · ·HdimX)
= 0,
where deg(A ·H2 · · ·HdimX) > 0 since H2, . . . , HdimX are all big. So we conclude
by continuity.
(2): Set t := deg (D ·H2 · · ·HdimX) / deg (H1 · · ·HdimX) ∈ R. Since
deg ((D − tH1) ·H2 · · ·HdimX) = 0,
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we have by the assertion (1)
d̂eg
(
(D − tH1)
·2 ·H2 · · ·HdimX
)
= d̂eg
(
D
·2
·H2 · · ·HdimX
)
+ t2 d̂eg
(
H
·2
·H1 · · ·Hd−1
)
6 0,
so d̂eg
(
D
·2
·H2 · · ·HdimX
)
6 0. 
Corollary 4.4. Let D,E,H1, . . . , HdimX+1 be nef adelic R-Cartier divisors on X.
(1) One has
d̂eg
(
D ·E ·H3 · · ·HdimX+1
)2
> d̂eg
(
D
·2
·H3 · · ·HdimX+1
)
· d̂eg
(
E
·2
·H3 · · ·HdimX+1
)
.
(2) For every n with 0 6 n 6 dimX + 1 and for every i with 0 6 i 6 n, one
has
d̂eg
(
D
·(n−i)
· E
·i
·Hn+1 · · ·HdimX+1
)n
> d̂eg
(
D
·n
·Hn+1 · · ·HdimX+1)
n−i · d̂eg(E
·n
·Hn+1 · · ·HdimX+1
)i
.
(3) For every n with 0 6 n 6 dimX + 1, one has
d̂eg
(
H1 · · ·HdimX+1
)n
>
n∏
i=1
d̂eg
(
H
·n
i ·Hn+1 · · ·HdimX+1
)
.
(4) For every n with 1 6 n 6 dimX, one has
d̂eg
(
D
·n
·E
·(dimX−n+1)
)
> d̂eg
(
D
·(n−1)
·E
·(dimX−n+2)
)
· d̂eg
(
D
·(n+1)
·E
·(dimX−n)
)
.
(5) For every n with 1 6 n 6 dimX + 1, one has
d̂eg
(
(D + E)·n ·Hn+1 · · ·HdimX+1
)1/n
> d̂eg
(
D
·n
·Hn+1 · · ·HdimX+1
)1/n
+ d̂eg
(
E
·n
·Hn+1 · · ·HdimX+1
)1/n
.
Proof. These result by formally transforming the inequality in Theorem 4.3(2) as
in the proof of [18, Theorem 2.9 and Remark 2.10]. 
Proposition 4.5. Let n be an integer with 0 6 n 6 dimX+1, let (D1;V1), (D2;V2) ∈
B̂BigR,R(X), and let Hn+1, . . . , HdimX+1 ∈ N̂efR(X) ∩ B̂igR(X).
(1) One has
v̂ol(D1 +D2;V1 + V2)
>
dimX+1∑
i=0
(
dimX + 1
i
)
〈(D1;V1)
·i · (D2;V2)
·(dimX+1−i)〉
(2) For every n with 1 6 n 6 dimX, one has
〈(D1;V1)
·n · (D2;V2)
·(dimX−n+1)〉2
> 〈(D1;V1)
·(n−1) · (D2;V2)
·(dimX−n+2)〉
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· 〈(D1;V1)
·(n+1) · (D2;V2)
·(dimX−n)〉.
(3) For every n with 0 6 n 6 dimX + 1, one has
〈(D1;V1)
·n · (D2;V2)
·(dimX−n+1)〉dimX+1
> v̂ol(D1;V1)
n · v̂ol(D2;V2)
dimX−n+1.
(4) For every n with 1 6 n 6 dimX + 1, one has(
〈(D1 +D2;V1 + V2)
·n〉 ·Hn+1 · · ·HdimX+1
)1/n
>
(
〈(D1;V1)
·n〉 ·Hn+1 · · ·HdimX+1
)1/n
+
(
〈(D2;V2)
·n〉 ·Hn+1 · · ·HdimX+1
)1/n
.
Proof. (1): Given any ε > 0, there exist, by Proposition 3.11 and Proposition 3.9,
(X ,D1) ∈ Θ̂mod(D1) and (X ,D2) ∈ Θ̂mod(D2) such that
dimX+1∑
i=0
(
dimX + 1
i
)
〈(D1;V1)
·i · (D2;V2)
·(dimX+1−i)〉
6
dimX+1∑
i=0
(
dimX + 1
i
)
〈(D
ad
1 ;V1)
·i · (D
ad
2 ;V2)
·(dimX+1−i)〉+ ε.
By Proposition 3.9, there exist (ϕ˜ : X ′ → X ,M 1) ∈ Θ̂ad(D1;V) and (ϕ˜ : X ′ →
X ,M 2) ∈ Θ̂ad(D2;V) such that
dimX+1∑
i=0
(
dimX + 1
i
)
〈(D
ad
1 ;V1)
·i · (D
ad
2 ;V2)
·(dimX+1−i)〉
6
dimX+1∑
i=0
(
dimX + 1
i
)
d̂eg
(
M
·i
1 ·M
·(dimX+1−i)
2
)
+ ε
= d̂eg
(
(M 1 + M 2)
·(dimX+1)
)
+ ε
6 v̂ol(D1 +D2;V1 + V2) + ε.
By the same arguments, one can also show the assertions (2), (3), and (4). 
Let X be a normal projectiveK-variety and let (D1;V1), (D2,V2) ∈ B̂BigR,R(X).
We define
(4.1) si := 〈(D1;V1)
·i · (D2;V2)
·(dimX+1−i)〉
for i = 0, . . . , dimX + 1,
r = r((D1;V1), (D2;V2))(4.2)
:= inf
(µ,M)∈Θ̂(D2;V2)
sup
{
t ∈ R : (µ∗D1 − tM ;V
µ
1 )  0
}
(inradius), and
(4.3) R = R((D1;V1), (D2;V2)) :=
1
r((D2;V2), (D1;V1))
(circumradius).
Lemma 4.6. Let (D1;V1), (D2;V2) ∈ B̂BigR,R(X).
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(1) Let (D
′
1,V
′
1), (D
′
2,V
′
2) ∈ B̂BigR,R(X). If (D1;V1)  (D
′
1;V
′
1) and (D2;V2) 
(D
′
2;V
′
2), then
r((D1;V1), (D2;V2)) 6 r((D
′
1;V
′
1), (D
′
2;V
′
2)).
(2) For a > 0, one has
r(a(D1;V1), a(D2;V2)) = ar((D1;V1), (D2;V2)).
Proof. (1): Obviously, one has
r((D
′
1;V
′
1), (D
′
2;V
′
2)) > r((D1;V1), (D
′
2;V
′
2)).
For any (µ,M) ∈ Θ̂(D
′
2;V
′
2), (µ,M) ∈ Θ̂(D2;V2); hence
r((D1;V1), (D
′
2;V
′
2)) = inf
(µ,M)∈Θ̂(D
′
2;V
′
2)
sup
{
t ∈ R : (µ∗D1 − tM ;V
µ
1 )  0
}
> inf
(µ,M)∈Θ̂(D2;V2)
sup
{
t ∈ R : (µ∗D1 − tM ;V
µ
1 )  0
}
= r((D1;V1), (D2;V2)).
(2): Note that (µ,M) ∈ Θ̂(D2;V2) if and only if (µ, aM) ∈ Θ̂(aD2; aV2). Hence
ar((D1;V1), (D2;V2))
= a inf
(µ,M)∈Θ̂(D2;V2)
sup
{
t ∈ R : (µ∗D1 − tM ;V
µ
1 )  0
}
= a inf
(µ,M)∈Θ̂(D2;V2)
sup
{
t ∈ R : (aµ∗D1 − atM ; aV
µ
1 )  0
}
= inf
(µ,M)∈Θ̂(aD2;aV2)
sup
{
t ∈ R : (µ∗(aD1)− tM ; aV
µ
1 )  0
}
= r(a(D1;V1), a(D2;V2)).

Lemma 4.7. Let (D;V), (D
′
;V′) ∈ B̂BigR,R(X), and let P ∈ N̂efR(X) ∩ B̂igR(X).
(1) One has
r((D;V), P ) = sup
{
t ∈ R : (D − tP ;V)  0
}
.
(2) One has
r((D +D
′
;V+ V′), P ) > r((D;V), P ) + r((D
′
;V′), P ).
(3) Let Ei ∈ D̂ivR(X), Wj ∈ BCR(X), vk ∈ MK ∪ {∞}, and ϕk ∈ C0vk(X).
One has
lim
εi,δj ,‖ϕk‖sup→0
r
((
D +
m∑
i=1
εiEi +
l∑
k=1
(0, ϕk[vk]);V+
n∑
j=1
δjWj
)
, P
)
= r((D;V), P ).
Proof. The assertion (1) is obvious.
(2): If (D − tP ;V)  0 and (D
′
− t′P ;V′)  0, then
(D +D
′
− (t+ t′)P ;V+ V′)  0.
So r((D +D
′
;V+ V′), P ) > t+ t′.
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(3): The function B̂BigR,R(X)→ R,
(D;V) 7→ r((D;V), P ),
is concave. So the assertion results from Theorem 2.21(1) and [12, Theorem 6.3.4].

Lemma 4.8. Let (D1;V1), (D2;V2) ∈ B̂BigR,R(X), let U be a nonempty open
subset of Spec(OK) over which a model of definition for D2 exists, and let δ > 0.
One has
r((D1;V1), (D2;V2))
= inf
(µ,H)∈Θ̂amp(D2;V2)
sup
{
t ∈ R : (µ∗D1 − tH ;V
µ
1 )  0
}
= inf
(X ,D2)∈Θ̂U,δ(D2)
inf
(µ˜,H )∈Θ̂ad(D2;V)
sup
{
t ∈ R : (µ∗D1 − tH
ad
;Vµ1 )  0
}
.
Proof. First, we show the first equality. The inequality 6 is clear. By definition,
given any ε > 0, there exists a (µ : X ′ → X,M) ∈ Θ̂(D2;V2) such that
(4.4) r((µ∗D1;V
µ
1 ),M) 6 r((D1;V1), (D2;V2)) + ε.
By Lemma 4.7, there exists a sufficiently small δ > 0 such that
(4.5) r
(
(1 + δ)(µ∗D1;V
µ
1 ),M
)
6 r((µ∗D1;V
µ
1 ),M) + ε.
By the same arguments as in Proposition 3.9(3), there exists an ample adelic R-
Cartier divisor H on X ′ such that (µ,H) ∈ Θ̂amp(D2;V2) and (1 + δ)H  M , so,
by Lemma 4.6(1),(2),
r((µ∗D1;V
µ
1 ), H) 6 (1 + δ)r((µ
∗D1;V
µ
1 ), H)(4.6)
= r
(
(1 + δ)(µ∗D1;V
µ
1 ), (1 + δ)H
)
6 r((1 + δ)(µ∗D1;V
µ
1 ),M).
All in all, one has
inf
(µ,M)∈Θ̂amp(D2;V2)
r((µ∗D1;V
µ
1 ),M) 6 r((µ
∗D1;V
µ
1 ), H)
6 r((D1;V1), (D2;V2)) + 2ε
for every ε > 0.
Next, we show the second equality. The inequality 6 is clear. By the assertion
(1), given any ε > 0, there exists a (µ : X ′ → X,H) ∈ Θ̂amp(D2;V2) such that
(µ∗D2 −H ;V
µ
2 ) is big and
(4.7) r((µ∗D1;V
µ
1 ), H) 6 r((D1;V1), (D2;V2)) + ε.
By Lemma 4.7(2), we can choose a δ1 > 0 such that
(4.8) r((1 + δ1)(µ
∗D1;V
µ
1 ), H) 6 r((D1;V1), H) + ε.
Let U be a nonempty open subset of Spec(OK) over which models of definition
for both D2 and H exist. By Theorem 2.21(1), there exists a sufficiently small δ2
such that 0 < δ2 6 δ and
δ1
1 + δ1
H − δ2
∑
v∈MK\U
(0, [v])
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is big. By Proposition 3.9(4), there exist (X ,D2) ∈ Θ̂U,δ2(D2) and (µ˜ : X
′ →
X ,H ) ∈ Θ̂ad(D2;V2) such that
1
1 + δ1
H  H − δ2
∑
v∈MK\U
(0, [v])  H
ad
 H,
so
r((µ∗D1;V
µ
1 ),H
ad
) 6 (1 + δ1)r((µ
∗D1;V
µ
1 ),H
ad
)(4.9)
6 r((1 + δ1)(µ
∗D1;V
µ
1 ), H).
All in all, we have
inf
(X ,D2)∈Θ̂U,δ(D2)
inf
(µ˜,H )∈Θ̂ad(D2;V2)
r((µ∗D1;V
µ
1 ), H
ad
)
6 r((µ∗D1;V
µ
1 ),H
ad
)
6 r((D1;V1), (D2;V2)) + 2ε
for every ε > 0. 
The following gives a generalization of [18, Theorem 7.1 and Corollary 7.3] (see
also [5], [10, Theorems 6.9 and 6.10], [26]).
Theorem 4.9. We keep the notations as above. Let (D1;V1), (D2;V2) ∈ B̂BigR,R(X).
(1) (An arithmetic Diskant inequality) One has
0 6
(
s
1
dimX
dimX − rs
1
dimX
0
)dimX+1
6 s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0 .
(2) One has
s
1
dimX
dimX −
(
s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0
) 1
dimX+1
s
1
dimX
0
6 r
6
sdimX+1
sdimX
6 . . . 6
s1
s0
6 R 6
s
1
dimX
dimX+1
s
1
dimX
1 −
(
s
1+ 1dimX
1 − s0 · s
1
dimX
dimX+1
) 1
dimX+1
(3) (An arithmetic Bonnesen inequality) If dimX = 1, then
s20
4
(R− r)2 6 s21 − s0s2.
Proof. (1): We divide the proof into three steps.
Step 1. In this step, we assume that (D2;V2) is given by P ∈ N̂efR(X) ∩ B̂igR(X).
By [20, Corollary 3.24], one has
v̂ol(D1 − tP ;V1)
{
> 0 if t < s,
= 0 if t = s.
Hence, by Theorem 4.2,
(4.10) v̂ol(D1;V1) = (dimX + 1)
∫ s
t=0
〈(D1 − tP ;V1)
· dimX〉 · P dt.
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On the other hand, one has, for t < s,
0 6 〈(D1 − tP ;V1)
· dimX〉 · P(4.11)
6
((
〈(D1;V1)
· dimX〉 · P
) 1
dimX − t v̂ol(P )
1
dimX
)dimX
by Corollary 4.4(2). All in all,
v̂ol(D1;V1) v̂ol(P )
1
dimX
6 (dimX + 1) v̂ol(P )
1
dimX
×
∫ s
t=0
((
〈(D1;V1)
· dimX〉 · P
) 1
dimX − t v̂ol(P )
1
dimX
)dimX
dt
=
(
〈(D1;V1)
· dimX〉 · P
)1+ 1dimX
−
((
〈(D1;V1)
· dimX〉 · P
) 1
dimX − s v̂ol(P )
1
dimX
)dimX+1
.
Step 2. In this step, we show the following claim.
Claim 4.10. Let (D1;V1), (D2;V2) ∈ B̂BigR,R(X). For any i, j > 0 with i + j 6
dimX + 1, one has
rjsi 6 si+j .
Proof of Claim 4.10. We can assume i > 0. Given any ε with 0 < ε < si/2, there
exists a (µ : X ′ → X,M) ∈ Θ̂(D2;V2) such that
(4.12) 〈(D1;V1)
·i ·M
·j
· (D2;V2)
·(dimX+1−(i+j))〉+ ε > si.
Set r′ := r((D1;V1),M) > r. Since (µ
∗D1 − r′M ;V
µ
1 )  0, one has, by Re-
mark 3.10(2),(3),
r′
j
〈(D1;V1)
·i ·M
·j
· (D2;V2)
·(dimX+1−(i+j))〉(4.13)
= 〈(D1;V1)
·i · (r′M)·j · (D2;V2)
·(dimX+1−(i+j))〉
6 si+j
Hence,
rjsi 6 r
′j ·
(
〈(D1;V1)
·i ·M
·j
· (D2;V2)
·(dimX+1−(i+j))〉+ ε
)
6 si+j
(
1 +
2ε
si
)
for every sufficiently small ε > 0. 
Step 3. In general, we take an arbitrary ε > 0. Let U be a nonempty open subset
of Spec(OK) over which a model of definition for D2 exists. By continuity (see
Proposition 3.11), there exists a δ > 0 such that, for every (X ,D) ∈ Θ̂U,δ(D2),
s
1
dimX
dimX −
(
s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0
) 1
dimX+1
s
1
dimX
0
(4.14)
6
s
′ 1dimX
dimX −
(
s
′(1+ 1dimX )
dimX − s
′
dimX+1 · s
′ 1dimX
0
) 1
dimX+1
s
′ 1dimX
0
+ ε,
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where s′i := 〈(D1;V1)
·i · (D
ad
;V2)
·(dimX+1−i)〉.
By Lemma 4.8, there exist a (X ,D0) ∈ Θ̂U,δ(D2) and a (ϕ˜ : X ′ → X ,M 0) ∈
Θ̂ad(D0;V) such that
(4.15) r(ϕ˜−1∗ (D1;V1),M
ad
0 ) 6 r((D1;V1), (D2;V2)) + ε.
Moreover, by Proposition 3.9(2), there exists a (µ˜ : X ′′ → X ,M ) ∈ Θ̂ad(D0;V)
such that µ˜ factorizes into X ′′
ψ˜
−→ X ′
ϕ˜
−→ X , M > ψ˜∗M 0, and
s
′ 1dimX
dimX −
(
s
′(1+ 1dimX )
dimX − s
′
dimX+1 · s
′ 1dimX
0
) 1
dimX+1
s
′ 1dimX
0
(4.16)
6
s
′′ 1dimX
dimX −
(
s
′′(1+ 1dimX )
dimX − s
′′
dimX+1 · s
′′ 1dimX
0
) 1
dimX+1
s
′′ 1dimX
0
+ ε,
where s′′i := 〈(D1;V1)
·i〉 · (M
ad
)·(dimX+1−i).
By Step 1 and Lemma 4.6(1), one has
s
′′ 1dimX
dimX −
(
s
′′(1+ 1dimX )
dimX − s
′′
dimX+1 · s
′′ 1dimX
0
) 1
dimX+1
s
′′ 1dimX
0
(4.17)
6 r(µ˜−1∗ (D1;V1),M
ad
)
6 r(ϕ˜−1∗ (D1;V1),M
ad
0 ).
All in all,
s
1
dimX
dimX −
(
s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0
) 1
dimX+1
s
1
dimX
0
6 r((D1;V1), (D2;V2)) + 3ε
for every ε > 0.
(2): By the assertion (1) and Claim 4.10, one has
s
1
dimX
dimX −
(
s
1+ 1dimX
dimX − sdimX+1 · s
1
dimX
0
) 1
dimX+1
s
1
dimX
0
6 r 6
sdimX+1
sdimX
.
By applying the above inequalities to r((D2;V2), (D1;V1)) = 1/R, one has
s
1
dimX
1 −
(
s
1+ 1dimX
1 − s0 · s
1
dimX
dimX+1
) 1
dimX+1
s
1
dimX
dimX+1
6
1
R
6
s0
s1
.
Moreover, by Proposition 4.5(2),
sdimX+1
sdimX
6
sdimX
sdimX−1
6 . . . 6
s2
s1
6
s1
s0
.
So we conclude.
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(3): By the assertion (2), one has
s20
4
(R − r)2 6
s20
4
(
s2
s1 −
√
s21 − s0 · s2
−
s1 −
√
s21 − s0 · s2
s0
)
= s21 − s0s2.

Remark 4.11. (1) If (D1;V1), (D2;V2) ∈ D̂BigR,R(X) satisfies
v̂ol(D1 +D2;V1 + V2)
1
dimX+1 = v̂ol(D1;V1)
1
dimX+1 + v̂ol(D2;V2)
1
dimX+1 ,
then sdimX+1dimX = s
dimX
dimX+1 · s0, s
dimX+1
1 = s
dimX
0 · sdimX , and(
sdimX
s0
) 1
dimX
= r =
sdimX+1
sdimX
= · · · =
s1
s0
= R =
(
sdimX+1
s1
) 1
dimX
,
but the converse may not be true.
(2) Suppose that X is a smooth curve. Every discrete valuation is divisorial,
so that we can naturally identify the three types of base conditions
DivR(X) = WDivR(X) = BCR(X).
For (D;V) ∈ B̂DivR,R(X),we put
Υ(D;V) :=
{
P : P is nef and P 6 (D;V)
}
.
If Υ(D;V) 6= ∅, then it is known that Υ(D;V) admits a unique maximal
element P (D;V) (see [25, Theorem 6.2.3]).
For (D1;V1), (D2;V2) ∈ B̂BigR,R(X), the following are equivalent.
(a) v̂ol(D1 +D2;V1 + V2)
1
2 = v̂ol(D1;V1)
1
2 + v̂ol(D2;V2)
1
2 .
(b) P (D1;V1)/ v̂ol(D1;V1)
1
2 ∼R P (D2;V2)/ v̂ol(D2;V2)
1
2 .
Appendix A. An arithmetic Nakai–Moishezon criterion over curves
In this appendix, we show an arithmetic Nakai–Moishezon criterion for adelic
R-Cartier divisors on curves (Corollary A.4).
Lemma A.1. Let X be a regular and geometrically connected arithmetic surface
over Spec(OK) with smooth generic fiber X := XK . Let D be an ample R-Cartier
divisor on X. There exist a φ ∈ Rat(X)× ⊗Z R and a relatively ample R-Cartier
divisor D on X such that D |X = D + (φ).
Proof. Given any (general) closed point x′ in a closed fiber XP over P ∈ Spec(OK),
one can find an x ∈ X such that the Zariski closure {x} in X contains x′. In fact,
let ̟ ∈ OX ,x′ be a local equation defining an irreducible component of XP passing
through x′, and choose an f ∈ OX ,x′ such that ̟, f form a system of parameters
for OX ,x′ . Then fOX ,x′ is a prime ideal of height one, and does not contain ̟.
(See also [16, Theorem 4.1].)
There exist finitely many P1, . . . , Pl ∈ Spec(OK) such that X is geometri-
cally irreducible over Spec(OK) \ {P1, . . . , Pl}. By the above argument, there exist
x1, . . . , xm ∈ X such that
⋃
{xi}meets every irreducible component ofXP1 , . . . ,XPl .
We take a φ ∈ Rat(X)×⊗ZR such that D+(φ) can be written as a sum
∑n
j=1 ajDj
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such that n > 1, aj > 0, Dj are prime Cartier divisors on X , and
⋃
Supp(Dj) ⊃
{x1, . . . , xm}. Let Dj be the Zariski closure of Dj in X . Then
D :=
n∑
j=1
ajDj
is a relatively ample R-Cartier divisor on X extending D + (φ). 
Lemma A.2. Let X be a smooth and geometrically irreducible K-curve and let
D =
(
D,
∑
v∈MK∪{∞}
gDv [v]
)
be an adelic R-Cartier divisor on X such that D is
ample. The following are equivalent.
(1) For every ε > 0, there exists an OK-model (Xε,Dε) of (X,D) such that
(Xε,Dε) extends a fixed model of definition for D, Dε is a relatively nef
R-Cartier divisor on Xε, and
‖gDv − g
(Xε,Dε)
v ‖sup 6 ε
for every v ∈MK .
(2) For every ε > 0, there exists an OK-model (Xε,Dε) of (X,D) such that
(Xε,Dε) extends a fixed model of definition for D, Dε is a relatively ample
R-Cartier divisor on Xε, and
‖gDv − g
(Xε,Dε)
v ‖sup 6 ε
for every v ∈MK .
Proof. The implication (2) ⇒ (1) is obvious, so that we are going to show the
converse. There exist a nonempty open subset U of Spec(OK) and a U -model of
definition (XU ,DU ) for D such that XU → U is smooth.
By the condition (1), for any ε > 0, there exists an OK-model (Xε,Dε) such
that (Xε,Dε) extends (XU ,DU ), Dε is a relatively nef R-Cartier divisor on Xε,
and
‖gDv − g
(Xε,Dε)
v ‖sup 6
ε
2
for every v ∈MK .
By desingularization [21, page 55], there exists a birational morphism πε : X
′
ε →
Xε such that X
′
ε is regular and πε is isomorphic over U . By Lemma A.1, there
exists a relatively ample R-Cartier divisor D ′ε on X
′
ε that extends D. We can
choose a sufficiently small δε > 0 such that∥∥∥gDv − ((1 − δε)g(Xε,Dε)v + δεg(X ′ε ,D′ε)v )∥∥∥
sup
6 ε
for every v ∈MK . So (X ′ε , (1− δε)π
∗
εDε + δεD
′
ε) is an OK -model of (X,D) having
the required properties. 
The following is an arithmetic analogue of the theorem of Campana–Peternell
[8, Theorem 1.3].
Theorem A.3. Let X be a smooth projective K-variety and let D =
(
D,
∑
v∈MK∪{∞}
gDv [v]
)
be an adelic R-Cartier divisor on X such that the following condition (∗) is satisfied.
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(∗) For every ε > 0, there exists an OK-model (Xε,Dε) of (X,D) such that
(Xε,Dε) extends a fixed model of definition for D, Dε is a relatively ample
R-Cartier divisor on Xε, and
‖gDv − g
(Xε,Dε)
v ‖sup 6 ε
for every v ∈MK .
Then the following are equivalent.
(1) D is w-ample.
(2) D is ample
Proof. The implication (1)⇒ (2) is nothing but Theorem 2.11(1), so that it suffices
to show the converse.
(2) ⇒ (1): If dimX = 0, then D can be written as
(
0,
∑
v∈MK∪{∞}
λv[v]
)
,
where λv = 0 for all but finitely many v ∈ MK . By the arithmetic Riemann-Roch
formula, there exists a φ ∈ Rat(X)× ⊗Z R such that D + (̂φ) > 0.
We show the theorem by induction on dimension. We can assume that D is
associated to an arithmetic R-Cartier divisor D on a normal OK-model X such
that D is relatively ample, such that gD∞ is of C
∞-type and positive pointwise, and
such that
(A.1) inf
x∈X(K)
h
D
(x) > 0.
In fact, by Theorem 2.11(3), we have λ := infx∈X(K) hD(x) > 0. Let U be an open
subset of Spec(OK) over which the fixed model of definition (XU ,DU ) of D exists.
Let ε be a positive real number such that
ε (♯(Spec(OK) \ U) + [K : Q]) < λ.
By the condition (∗) and the regularization theorem (see [24, Theorem 4.6]), there
exist a normal OK -model Xε and an arithmetic R-Cartier divisor Dε on Xε such
that Dε is relatively ample, such that g
Dε
∞ is of C
∞-type and positive pointwise,
and such that
D
ad
ε 6 D 6 D
ad
ε + 2ε
∑
v∈(MK\U)∪{∞}
(0, [v]).
Note that
inf
x∈X(K)
h
Dε
(x) > λ− (♯(Spec(OK) \ U) + [K : Q]) ε > 0,
and that, if D
ad
ε is w-ample, then so is D.
By induction hypothesis, D |Y is w-ample for every horizontal arithmetic sub-
variety Y with dimY < dimX . Let A 1, . . . ,A l be nef and w-ample arithmetic
Cartier divisors of C∞-type on X such that D is contained in the rational R-
subspace of DivR(X ) spanned by A1, . . . ,Al. There exist positive real numbers
ε1, . . . , εl such that
(A.2) E := D −
l∑
i=1
εiA i
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is rational, E is ample, gE∞ is positive pointwise, and
(dimX + 1) ·
l∑
i=1
εi d̂eg
(
D
· dimX
·A i
)
< v̂ol(D).
Set A :=
∑l
i=1 εiA i. By the arithmetic Siu inequality (Proposition 4.1(1)), we
have
v̂ol(E ) > v̂ol(D)− (dimX + 1) · d̂eg
(
D
· dimX
·A
)
> 0,
so that there exists an s ∈ Γ̂ssQ (E
ad
) \ {0}.
Let Y1, . . . ,Yr be the reduced, irreducible, and horizontal components of SuppC(E+
(s)). Since D |Y1 , . . . ,D |Yr are all w-ample, one finds a sufficiently small δ > 0 such
that D − δA is relatively ample and
D |Y1 − δA |Y1 , . . . ,D |Yr − δA |Yr
are all w-ample (see Lemma 2.10(4)).
Set
(A.3) F := D − δA = E + (1 − δ)A .
Let x ∈ X(K). If x /∈
⋃p
j=1 Yj(K), then hF (x) > hE (x) > 0. If x ∈ Yj(K) for
a j, then h
F
(x) > 0 since F |Yj is w-ample. So F is nef and F is contained in
the rational R-subspace spanned by A1, . . . ,Al. Hence, by Theorem 2.11(5), we
conclude that
D
ad
= F
ad
+ δ
l∑
i=1
εiA
ad
i
is w-ample. 
As a consequence of Theorem A.3 and Lemma A.2, we have the following.
Corollary A.4. Let X be a smooth K-curve and let D be an adelic R-Cartier
divisor on X. The following are equivalent.
(1) D is ample.
(2) D is w-ample and relatively nef.
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